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WENTY-FIVE years ago, the subject upon 

which I am to address you would have 
afforded but meager fare—and fifty years ago, 
it would have been completely meaningless. 
Indeed, the entire history of this subject is 
encompassed by the careers of men now living. 
It is true that since the industrial revolution, the 
roots of industry have had their beginnings in a 
fertile substratum of scientific exploration, but 
it is only since the turn of the century that the 
vitalizing power of scientific research has been 
consciously and effectively directed toward in- 
dustrial progress. In this half-century, industry 
has undergone a significant mutation from a 
primitive system based upon ancient arts, 
manual skills, and simple inventiveness to a 
complex machine constructed by the advances of 
science and lubricated by the refined processes of 
modern technology. 

I was reminded by Karl Darrow, when he was 
developing the extremely dubious thesis that I 
was in a better position than he, to talk on this 
subject, that the birth of the American Physical 
Society in 1899 nearly coincided with the found- 
ing of the General Electric Research Laboratory 
in Schenectady in 1900 by Dr. W. R. Whitney. 
These events were undoubtedly unrelated, ex- 
cept that their inception was probably sympto- 
matic of the renascence of science which followed 
the far reaching discoveries of this period around 
the beginning of the 20th century. In 1896 
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Roentgen had observed the penetrating rays 
which bear his name, and Becquerel had found 
a peculiar emanation which originated in ura- 
nium. At about the same time Marconi was per- 
forming some startling experiments with electric 
waves following Hertz’ work a few years previ- 
ously. Not long afterwards the Curies discovered 
radium and its progeny, and some of its effects 
could be observed in a cloud chamber which had 
just been invented by C. T. R. Wilson. In 1897 
J. J. Thomson solved the mystery of the nature 
of the cathode rays, and electronics was off to a 
modest beginning. In 1900 Max Planck published 
his first paper on the quantum theory. This was 
the exciting historical environment in which the 
American Physical Society was born; industrial 
scientific research, originally principally physical 
research, made an inauspicious start at about 
this same time. 

Since this may be done without embarrass- 
ment, and indeed with a good deal of ‘satisfac- 
tion, it is of interest to consider briefly the place 
which physics and physicists have attained in 
industry today. It is not necessary to remind 
you of the manifold applications of the principles 
of physics to industrial progress, for the con- 
tributions of physics are well known to everyone. 
The applications of physics to the development 
of new products, new machines, and new pro- 
cesses, to the complex field of instrument design, 
and to quality control and standardization are 
too numerous to mention. However, as I con- 
sidered the probable nature of your interest in 
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this subject, a number of pertinent questions 
came to mind. 

Is research in physics really supported to any 
appreciable extent by American industry ? What 
physical facilities for research work are available 
in industrial organizations? What kind of re- 
search problems are being actively pursued in 
industrial laboratories? What is the status of the 
physicist in industry—does he have an oppor- 
tunity to develop his own particular interests in 
research, and is he free to publish and to engage 
in scientific intercourse with scientists in other 
institutions? What is his opportunity for ad- 
vancement, and towards what does he advance? 
What is the attitude of industry toward research 
of a fundamental nature? 

In an endeavor to formulate partial answers 
to these questions, | have consulted with the 
directors of research in about 30 leading Ameri- 
can industries, and this is a good time to ac- 
knowledge their hearty cooperation and as- 
sistance in collecting material for this talk. 
While it is difficult to obtain reliable national 
figures on the capital investments in research 
facilities, the annual expenditures for research, 
and the number of scientists of various kinds 
employed in industrial laboratories, | can assure 
you that industry is supporting physical re- 


search on an unprecedented and ever increasing 
scale. The replies to my inquiries indicate a very 
broad range of interests and a keen awareness of 
the prime importance of research to industrial 
progress. 


To illustrate the attitude of one segment of 
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American industry on the subject of scientific 
research, I can do no better than quote from a 
talk by Mr. Charles E. Wilson, president of my 
company, made recently on this subject. He 
said, “I believe that industry has a duty, to 
itself and to the society in which it lives, to 
undertake, encourage, and maintain extensively 
both fundamental and applied research.” I can 
tell you that he and his organization have given 
convincing and concrete evidence of their sincere 
and earnest belief in this policy. 

The expenditures for industrial research have 
quadrupled in the last two decades. In 1930, the 
industrial support of research amounted to 116 
million dollars out of a total for the country of 
166 million dollars. By 1940 the figure had 
doubled—234 million out of a total of 345 
million. It is estimated that by 1950, it will have 
more than doubled again, the estimated figure 
being 500 million out of a total of 700 million. 
These figures, taken from the report of the 
President’s Committee on Research and De- 
velopment (Steelman report), show that for the 
past twenty years, industry has been contribut- 
ing an average of 70 percent of the national 
investment in research. 

Dr. M. H. Trytten, Director of the Office of 
Scientific Personnel, tells me that about one- 
third of the 9000 physicists classified as profes- 
sional in this country are employed in industry. 
Dr. Henry Barton, Director of the American 
Institute of Physics, estimates that within 10 
years industry will be claiming 70 percent—over 
two-thirds—of the physicists. 

As regards physical facilities and equipment, 
I think it is safe to say that industrial labora- 
tories now offer facilities unexcelled anywhere in 
the world. If there were some lingering doubts, 
many years ago, concerning industry’s interest 
in research, these have been dissipated com- 
pletely by the enthusiasm with which the major 
industrial organizations have invested hundreds 
of millions of dollars in new laboratories and re- 
search equipment. This is naturally not a result 
of any sentimental infatuation with science, but 
rather it reflects a firm conviction that the clink 
of dollars spent for research eventually makesa 
noise which will be pleasant to the ears of stock- 
holders, to mention just one important but 
largely neglected segment of our economy. 
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Although some of you are well acquainted 
with some of the industrial research laboratories, 
many of these laboratories, particularly the ones 
that have been completed recently, may not be 
familiar to you. To add perspective to what | 
wish to say, | felt it would be helpful to show you 
photographs of three typical research labora- 
tories in industry. 

The first unit of the RCA Laboratories, shown 
in Fig. 1, was completed at Princeton, New 
Jersey in 1942; a new wing was added recently. 
The laboratory includes a model shop and a 
fine technical library. In determining the loca- 
tion of this new laboratory, RCA decided against 
placing it in the middle of one of its large manu- 
facturing plants, in favor of a site which was near 
the center of gravity of its entire operation com- 
prising many plants and related technical ac- 
tivities. 

One of the largest laboratories in the con- 
struction materials industry is the recently com- 
pleted laboratory of Johns-Manville Company 
at Manville, New Jersey, shown in Fig. 2. One 
side of the central corridor of the main building 
includes facilities for general laboratory work, 
while the opposite side is given over completely 
to a high bay experimental space suitable for 
pilot equipment development which is carried 
on in parallel with laboratory studies. 

Figure 3 shows the new General Electric 
Research Laboratory at the Knolls, near Sche- 
nectady, New York. The first unit was occupied 
last fall; an additional unit is in construction. 

One cannot help but be impressed by the 
fundamental and increasingly important role 
which research is playing in American industry, 
and the outstanding plant facilities which are 
being provided in support of this role. 

Buildings and facilities and equipment—the 
tools of research—are of course important, but 
more important than these are the people, and 
what they do, the kinds of policies that deter- 
mine the environment in which they work, and 
the satisfaction to which they may aspire as 
scientists. It is this side of industrial research in 
physics to which I want to speak next. 

What kind of research problems are being in- 
vestigated in industrial laboratories? A casual 
survey of the fields of activity of this representa- 
tive group of industrial laboratories reveals that 
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Fic. 2. Johns Manville Company, Research Laboratory, 
Manville, New Jersey. 


practically every branch of physics is well repre- 
sented. It would be futile for me to attempt here 
to give anything like a comprehensive survey of 
this subject, but a few significant examples will 
illustrate the diversity of industrial research. 

The petroleum industry is a good example of 
an industry that actively pursues investigations 
along a number of special lines in physics. 
Analytical methods involving particle bombard- 
ment, mass spectrometry, infra-red spectroscopy, 
electron microscopy, electron and x-ray diffrac- 
tion are in common use. 

Magnetic surveying is being studied, -based 
upon observations relating polarity, suscepti- 
bility, and other measurable properties of core 
samples or exposed strata to geological history 
and the composition of the earth’s crust. Oil 
physicists have been responsible for extra- 
ordinary progress in the measurement of gravity. 
Some recent work in this field has been reported 
upon by Woollard of the Sun Oil Company, who 
made an 82-thousand mile trip éorrelating 
gravity reference bases over a much larger area 
than had been previously covered. From these 
impressive mileage statistics, it may be inferred 
that here at last is a type of research which may 
compete in geographical glamour even with 
cosmic-ray studies. 

Along the line of mathematical research, ex- 
tensive studies are aimed at projecting magnetic 
fields and gravity fields measured at the earth’s 
surface to elevations above and below the level 
of observation. 


Explorations of the penetration of the earth 
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Fic. 3. General Electric Research Laboratory at 
The Knolls, Schenectady, New York. 


by ultra high frequency radiation are being 
undertaken as a possible new method of pros- 
pecting for oil and metallic minerals. Also, ex- 
tremely low frequency electrical currents are 
employed in a system known as “‘Elflex.”” An- 
other set of electrical studies of the phenomena 
known as felluric currents deals with the currents 
that flow on a vast scale through the crust of the 
earth, superinduced by extraterrestrial influences. 

Seismic investigations are concerned with 
ground-wave patterns, electrodynamic and mag- 
netostrictive detectors, and the transfer of 
energy between air waves and water waves and 
the earth. The determination of the depth of fluid 
levels involves acoustical, electrical, and me- 
chanical methods, based upon theoretical studies 
and experimental procedures. Extensive research 
in all of the aforementioned fields has been done 
by the Standard Oil Company of New Jersey, 
the Gulf Oil Company, and the Sun Oil Company. 
Figure 4 shows the Gulf Oil Company airborne 
magnetometer trailing the airplane at the end of 
a cable. The measurement of gravity has a long 
industrial history with the oil companies and 
has led to some outstanding instrument de- 
velopment. 

As a second example of an industry in which 
physicists are making important contributions, 
let us take a look at the rubber industry. Physical 
research in the kinetic theory of elasticity is 
important to an understanding of the mechanical 
behavior of high polymers and to the full utiliza- 
tion of the chemical process of vulcanization. 

Special methods are required for the deter- 
mination of the molecular weights of the large 
chain molecules of natural or synthetic elasto- 
mers. Optical scattering from dilute solutions 


has been developed both theoretically and ex- 
perimentally so that it is possible to determine 
not only the molecular weight, but also the 
spacial extension of the molecules while in solu- 
tion. Infra-red spectroscopy and x-ray diffrac- 
tion methods are being increasingly developed 
and applied to problems in the structure and 
behavior of elastomers. Mechanical hysteresis 
studies are important, and turn out to involve 
considerably more than elementary mechanics, 
as a perusal of current articles on the dynamic 
properties of rubber will reveal. 

The electrical industry, including the vast 
and ever expanding field of communication, is 
actively concerned with a wide variety of re- 
search problems in physics. The physics of the 
solid state is an especially vital field that bears 
upon a great number of specific problems, such 
as piezoelectricity, superconductivity, ferro-elec- 
trical effects, electro-optical properties, and 
semiconductors. This latter class of materials, 
best represented by silicon and germanium, is 
of importance in new types of detectors, ampli- 
fiers, and oscillators, of which the transistor de- 
veloped at the Bell Telephone.Laboratories is a 
noteworthy example. The relatively new field of 
physical metallurgy is concerned with the appli- 
cation of solid state physics to fundamental 
studies of metallurgical properties—creep, frac- 
ture, fatigue, age hardening, heat treatment, and 
the development of new alloys for special 
purposes. 

The phenomenal rise of television as a brand 
new multimillion dollar industry almost over- 
night is a great satisfaction, as well as a con- 
siderable relief, to the industrial laboratories 
that have for years been pouring millions of 
dollars down what was occasionally referred to 
as ‘‘that rat hole.”’ By clairvoyance after the fact 
it now becomes abundantly clear that as a field 
of endeavor for the physicist, television is as 
fertile with potentialities as was radio twenty- 
five years ago. As the present advanced state 
of the radio art is the consequence of intensive 
research—both fundamental and applied—so the 
development of this new art depends upon the 
contributions of research and affords important 
opportunities for the physicist. 

In spite of its long history, that segment of 
physics generally included in the term elec- 
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tronics continues to present important oppor- 
tunities for investigation, especially in gas dis- 
charges, secondary emission, space charge wave 
phenomena, electron optics and ultra high fre- 
quency generators and their specialized circuitry. 
The increasing importance of ultra high fre- 
quencies has raised innumerable problems re- 
garding the generation and transmission of 
microwaves, the dielectric properties of matter, 
and resonant systems in general. 

A field of obvious interest to the physicist and 
possibly great future importance to the country 
is the development of atomic power. Under the 
support of the AEC, several companies are 
actively engaged in research on this scientific 
frontier. Before nuclear energy becomes a source 
of useful power, a vast amount of physical re- 
search and technological development must be 
done, unfortunately at very great cost. This very 
great cost will not be due to ‘incredible mis- 
management,’”! but to a fact of nature which I 
would like to point out. 

The electronics industry grew from small be- 
ginnings, because the small beginnings had a 
market value and the profits from their sale 
supported further research which led to more 
marketable products and so forth. The develop- 
ment of atomic power differs from electronics 
fundamentally in its laboratory-to-market pat- 
tern. To develop atomic power it is necessary to 
build experimental power piles as pilot plants 
from which to learn enough to build the full 
scale plants of the future. Unfortunately, a 
tiny pile will not react, so we have to build a big 
one as the very first experiment, and even when 
it has been stripped of all of its chrome plating 
and been placed in the most temporary kind of 
a structure, it costs a great many millions of 
dollars. And, at best, it is only a first experiment 
in a series of experimental power plants, each of 
which becomes progressively more expensive. 
Because of this circumstance of nature, there 
are no private resources in the country which 
can finance the development of atomic power. 
Risk capital is required on a scale that can be 
countenanced only by the national government. 
The Argonne National Laboratory, the Westing- 
house Company, and General Electric all have 


1 An accusation made during a Congressional investiga- 
tion of the AEC early in 1949. 


INDUSTRY 59 
substantial projects underway in this field under 
AEC sponsorship. The first phase of this de- 
velopment, leading to the building of the first 
experimental power plants, involves many difh- 
cult problems, principally in physics and me- 
chanical engineering. In the second and third 
phases, many years hence, involving larger and 
more practical plants, the chemists will occupy 
the center of the stage. I hope they learn their 
lines and perform well, because they have a 
vitally important and technically fascinating 
part to play. This is a scientific frontier of great 
challenge. Fortunately, the importance of the 
work is matched, if not exceeded by its inherent 
scientific interest, so that some very able people 
are engaged in the work. This is the best assur- 
ance that can be given that it will have a success- 
ful outcome. 

Many of the larger industrial laboratories 
carry out investigations that have no immediate 
bearing on developments related to their busi- 
ness interests, but may be purely scientific ex- 
ploration in new fields. Some of these projects 
are, of course, undertaken at the request of the 
government under Federal Contracts, but many 
of them have their genesis in the interests and 
curiosities of individual members of the research 
staffs. 

In our laboratory at Schenectady we are at 
the present time engaged in an extensive program 
in meteorological research which is properly in 
this category. This work, which was initiated by 
Langmuir and Schaefer as a part of our explora- 
tory research program is now supported by 


Fic. 4. Gulf Oil Company: airborne magnetometer trailing 
from the airplane at the end of a cable. 
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government contract. We are finding that the 
theory of nucleation which underlies this phe- 
nomenon in its various aspects is applicable to a 
variety of problems in many fields. 

Another activity of our laboratory (entirely 
apart from the work of the Knolls Atomic Power 
Laboratory) is research in nuclear physics. A 
group of physicists has been engaged for three 
years in the design and construction of a 300- 
Mev non-ferromagnetic synchrotron which will 
be used for nuclear research. This is the cul- 
mination of a long series of high energy devices 
which progressed from million-volt x-ray equip- 
ment through betatrons, iron core synchrotrons, 
biased betatrons, and now to a high energy 
machine with an air core. 

The aircraft industry is a fertile field for re- 
search in aerodynamics and thermodynamics. 
The development of supersonic planes, guided 
missiles, the all-wing structure of which the 
Northrup Flying Wing is the spectacular pioneer, 
and power plants of new design—these all de- 
mand the type of research for which the physi- 
cist is best qualified. The problem of propulsion, 
involving such radical developments as _ the 
turbo-propeller, the turbo-jet, and the rocket 
affords an exciting field of endeavor. 

The manufacture of glass, one of our oldest 
industries, founded on primitive arts, is now one 
that draws extensively upon physical research. 
The ever-increasing variety of special glasses 
designed for specific purposes and made to rigid 
specifications calls for a wide range of studies 
correlating theory and practice. The formulation 
of basic laws relating the optical, electrical, and 
physical properties of glass to its composition 
and manufacturing treatment involves the ap- 
plication of physical methods of investigation. 
A recent development of the Corning Glass 
Company is a photosensitive glass.” 

A field of investigation of great importance to 
the electrical industry is growth of crystals with 
piezoelectric properties. Leading work in this 
field has been done by the Brush Development 
Company and by the Bell Telephone Labora- 
tories. Work is also being done on the piezo- 
electric properties of ceramic materials, for ex- 
ample, barium titanate. These ceramic materials 


2 Riess, Bosch, and Reboul, Am. J. Physics 16, 399 
(1948). 
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exhibit interesting ferro-electric properties that 
are closely akin to the ferromagnetic properties 
of permanent magnetic materials. ; 

It would be remiss to neglect to refer to the 
significant field of photography. Not only is this 
an art which makes intimate contact with all 
branches of science, but it is a fertile field of re- 
search in its own right. The science of sensi- 
tometry, the study of the physical nature of the 
latent image, the reproduction of color, and the 
application of photographic methods to the de- 
tection of nuclear particles are but a few of the 
intriguing fields of investigation in photography. 
Eastman Kodak Company has played a leading 
role in research in this field and in adapting the 
techniques of photography to the problems of 
science and industry. At least one type of par- 
ticle, the heavy m-meson, was discovered by 
means of the photographic plate. 

The few illustrations | have drawn are but 
representative examples which could be dupli- 
cated many times over. The steel, aluminum, 
paper, glass, chemical, and aircraft industries 
also afford fertile fields for research—both funda- 
mental and applied. 

And now what about the status of the in- 
dustrial physicist? I believe it can be said truth- 
fully that the opportunity in industry for the 
physicist to find problems that make the best 
use of his training and interests compare favor- 
ably with those to be found in academic labora- 
tories. In the larger industrial laboratories, espe- 
cially, the diversified activity affords a wide 
range of choice for the free play of individual 
talent. 

The right to publish the results of his research 
in his own name and to confer freely with other 
workers in his own and related fields is an im- 
portant consideration to the research scientist 
and is now common practice in industrial labora- 
tories. It is often said that the patent situation 
is a bar to the exchange of scientific information. 
Some thought will show that this is a mistaken 
notion. The patent structure when properly em- 
ployed by alert and active legal departments, 
rather than retarding the release of information, 
serves to expedite the prompt publication of 
results. 

With regard to his membership in scientific 
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societies, his attendance at and participation in 
the meetings of these societies, his general inter- 
course with other scientists, and his opportunities 
to publish technical books and articles, the in- 
dustrial scientist is on a par with any other. 

And finally, what is the attitude of industry 
toward research of a fundamental nature? It 
must, of course, be admitted that only the larger 
laboratories can afford to support fundamental 
research to any great extent. In some few labora- 
tories, as much as fifty percent of the effort is 
devoted to the search for new knowledge without 
any immediate application in mind. A large 
part of the research of industrial laboratories is 
devoted to long-range investigations on prob- 
lems related to the interests of the company— 
so-called applied research. One fact that stood 
out among the replies that I received from vari- 
ous industrial laboratories was a keen awareness 
of the essential nature of research and the neces- 
sity for the long-range viewpoint. No longer does 
the director of industrial research expect the 
answer to a scientific problem the day after 
tomorrow. This is a wholesome situation, and one 
that makes for an environment conducive to the 
true spirit of research. 

I am glad to report that in our experience the 
problems of security and classified work have 
not turned out to be as difficult as everyone 
anticipated immediately following the war. I 
have not heard anyone denounce security regu- 
lations for some time, at least not in a ringing 
voice; | would not pretend that anyone likes 
these regulations, but the present necessity for 
them in our troubled world is in no doubt. If the 
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classified work is of real fundamental signifi- 
cance and challenge; for example, the develop- 
ment of atomic power, top grade scientists will 
overlook the disadvantages of security. Although 
the restrictions on the publication of classified 
work are not entirely satisfactory, we can live 
with them until we learn how to handle this 
problem better. 

I have one final plea to scientists going into 
industrial research. In industry we have gone a 
long way in making our buildings and facilities 
versatile. We can move partitions and laboratory 
services with great freedom and dispatch, and 
we have great ability in building instruments 
and equipment and pilot plants for almost any 
type of investigation; but we have great need 
for corresponding flexibility in the training of 
our scientists. There will, of course, always be a 
need for physicists who are highly specialized in 
a narrow field of investigation, but in addition 
to these we have a great need for people who by 
disposition and broad training are highly versa- 
tile in their scientific abilities. These individuals 
can, with suitable apprenticeship, become pro- 
gressively expert in many fields, as these fields 
become important in the ever-changing picture 
of scientific research. In short, we need more 
general practitioners of physics. To fill this speci- 
fication takes one part of training—fundamental, 
broad training—and one part of courage.-For it 
does take a lot of courage to leave a field in 
which one has become an expert, for a new field 
in which one will be a neophyte. But the new 
field is a new challenge and will provide great 
stimulus to further accomplishment. 


Even the hardest heads are aware that research is profitable and necessary, and fail to encourage 
it because they lack the means rather than the will. . . . On one point I am quite clear, the public 
will expect that any industry that is protected by a tariff should be thoroughly aware of the need of 
organization and of scientific research—E. RUTHERFORD (1932). 
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HREE years ago I described in this Journal! 

an electronic circuit known as a ‘‘time- 
delay” circuit, giving several common but not 
very well-known applications of the circuit, such 
as regulating the time sequence of operations in 
a Wilson cloud chamber, and one or two better 
known ones, such as timing of photographic ex- 
posure during enlarging, etc.? At that time it was 
stated that I had used this circuit as a basic 
part of a device for cutting off the advertising 
razzle-dazzle to which otherwise one must listen 
whenever the radio is in operation, merely by a 
handclap or other sharp sound. This device, 
‘Advertiser Killer,” or ‘‘A-K,”’ as I call it pri- 
vately, has functioned so satisfactorily during 
several years of constant use, and has excited so 
much amused comment, that I thought others 
might like to read a description of it. 

Figure 1 presents the details of the A-K circuit 
in the normal state, radio sounding. The circuit 
may be considered as consisting of four parts; 
viz., the microphone with its amplifying system 
at the left, the gas triode 885 “trigger” tube in 
the middle, the time-delay circuit shown in 
heavy lines at the right, and the power supply 
below. A horn of some sort collects the sound 
energy from the handclap and feeds it into the 
microphone M. For constancy a flashlight dry 
cell is used in this branch of the circuit, and the 
circuit is broken by relay V when the device is 
turned off. The output from the microphone 
circuit, amplified as shown, is fed to the grid of 
the 885 tube, causing relay X to close. When X 
closes, the time-delay circuit operates, causing 
relay Z to fail. When Z fails two events occur: 
the plate circuit of 885 is broken, thus giving its 
grid control again, and the line to the radio 
speaker is broken, bring about those 40 or 50 
seconds of quiet in the nick of time. The graph 
on the circuit diagram shows how the time-delay 
interval varies with the numbers on the dial of 


1T. C. Cornog, ‘The electronic time-delay circuit,” 
Am. J. Physics 14, 190 (1946). 
2?W. C. Morrison, “Electronic interval timer,” 
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variable resistor R. The dial divisions are equal, 
and the resistor is a carbon potentiometer, 
Mallory UC504, 3 megohms, No. 1 taper. 

In the circuit shown, the three relays are 
ordinary plate circuit relays, but generally 
speaking their operation characteristics must be 
chosen to suit the power supply. With the power 
supply shown, relays X and Z need not be very 
sensitive, operating, say, at 15 ma; but relay V 
must operate at about 5 ma since it must stay 
closed at all times whatever the current fluctua- 
tion, and since the current in this branch of the 
circuit falls to about 5 ma when thyratron 2A4G 
conducts. There are only a few items in the cir- 


cuit which are critical in value. In the time-delay 
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branch the delay interval depends, of course, 
upon C, R and S, and upon the charging voltage. 
Also, the resistor (100,000 ohms) in the charging 
circuit of C must be large in order to lower the 
drain on the power supply. It will be noted that 
current flows through this resistor continuously. 
In the circuit diagram, all resistances are given 
in ohms and all capacities in farads except where 
otherwise stated. 

Certain controls are required in order that the 
device function well. It is desirable at times to 
turn it off without at the same time turning off 
the radio, as for example when a tube fails, for 
in such a case the radio would be silent, or when 
it is desirable to increase greatly the sound 
volume from the speaker. Switch AA, which is 
on the front of the radio, permits A-K to be 
turned off while leaving the radio operative. It 
is also sometimes desirable to bring the radio 
back into operation before the expiration of the 
delay interval. This is accomplished by means 
of a spring switch SS of some kind which is also 
on the front of the radio, and which merely dis- 
charges capacitor C. The radio and A-K are 
both conveniently actuated by the same power 
switch. 

The most important control, and the necessary 
one, regulates the response to sound disturbance. 
The device must successfully discriminate be- 
tween the normal level of existing sound and the 
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sharp sound representing the signal to operate. 
There can be extreme sensitivity, which is obvi- 
ously undesirable since then the music itself 
would turn off the radio. Consideration of the 
circuit will show that there are two variables 
which affect the sensitivity; viz., the variable re- 
sistor in the microphone circuit, and the poten- 
tial divider P which determines the grid potential 
of gas triode 885. Of these the potentiometer is 
the more useful one for adjusting sensitivity, the 
resistor in the microphone circuit then being used 
mainly to compensate for the change of re- 
sistance of the dry cell with age. 

I hold no brief for the engineering of this 
circuit. It just grew, like Topsy, and was used in 
the breadboard state until finally compressed 
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into the usual metal cabinet, at which time the 
voltage doubler power supply was substituted 
for a conventional transformer supply. Perhaps 
an experienced engineer could make a better 
job of it, but any great simplification would be 
unlikely. Certainly the two voltage regulator 
tubes could be replaced by some sort of potential 
divider, and tube 2A4G would be replaced, 
being now outmoded. 

For those interested in applying electronic 
circuits to various problems, A-K presents sev- 
eral possibilities. For example, if a suitable filter 
circuit were introduced immediately preceding 
triode 885, it would be possible to trigger the 
device by means of a sound of very small fre- 
quency range, such as a whistle of given pitch. 


10,000 


To 
SY! AA Speaker 
(series) 


Time Interval 
vs 
Dial Setting. 


Time Deloy Interval. Seconds. 


Resistor R. Divisions. 


Fic. 1. Circuit diagram for ‘Advertiser Killer.” This circuit consists basically of four parts; viz., the sound receiver 


with its amplifying system at the left, the gas triode and relay in the middle which serve to trigger the time-delay circuit 
shown in heavy lines at the right, and the power supply, below at the left. The graph shows how the silent period of the 


radio (time-delay interval) varies with the setting of its control rheostat R. 
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There would be considerable advantage in this, 
for then there would be less chance of response 
to common sounds, or to loud music. As another 
example, it would be desirable to rearrange the 
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circuit so that the device would revert to the 
normal state as the result of a second sound 
signal, say a second handclap, before the normal 
expiration of the delay interval. 


A Laboratory Experiment on Trajectories 


FLoyp W. PARKER 
Lincoln Memorial University, Harrogate, Tennessee 


HE subject of projectile motion has become 

well established as an important part of 
any course in elementary physics. It is usually 
met early in the course and receives a sizable 
fraction of the time devoted to lecture and to 
recitation. It is somewhat unfortunate, there- 
fore, that a study of trajectories is generally 
overlooked in the laboratory. An experiment has 
been devised which fills this need and has the 
following advantages: (a) it can be presented as 
soon as the subject of two-dimensional projectile 
motion has been treated in the classroom, (b) it 
requires only one item of equipment not readily 
available in the laboratory and this item can 
easily be constructed, and (c) it gives the student 
ample practice in applying the equations associ- 
ated with projectile motion to actual situations. 


I. Equipment 


The experiment requires a large flat surface 
which can be inclined at a small angle, perhaps 
5° or 10° from the horizontal. The lowa Uni- 
versity physics laboratory, in which this experi- 
ment was initiated, had available a movable 
table which was approximately 4 ft wide and 15 
ft long. The experiment was performed in such 
a way that the full length and width were 
utilized. The possession of such a large table, 
however, is not essential to the performance of 
the experiment and any moderately large table 
or other surface, such as a standard 4X8 ply- 
wood sheet can be used if proper judgment is 
exercised in the selection of experimental con- 
ditions. 

The one special item of equipment necessary 


is a device which will accelerate a steel ball and 
send it rolling onto the table surface with a re- 
peatable linear velocity. One such device which 
has proven quite satisfactory is shown in Fig. 1. 
It will be referred to hereafter as the launcher. 
It consists essentially of an inclined track down 
which the ball rolls to reach the table, and a 
plumb line to insure constancy of slope. A 
flexible strip of metal attached to the rails and 
between them, as indicated in Fig. 2, has been 
found helpful in preventing the initial speed of 
the ball from being less when projected uphill 
than when projected along a horizontal surface. 
The position of attachment of the strip is such 
that support of the ball is smoothly transferred 
from the launcher rails to the strip before the 
ball passes beyond the region of rigid attachment. 

All other items are common equipment in any 
physics laboratory and need no special mention 
here. 


II. Procedure 


An outline of the procedure used in the labora- 
tory is as foliows: 


1. The students were familiarized with these equations, 
in which the symbols are those commonly used in an ele- 
mentary description of projectile motion. 

S=vot+}att, (1) 

T = —(2vo sin@)/a, (2) 

R= -—(v¢? sin26)/a, (3) 

= — (v9? sin?6)/2a, (4) 

vo =x(g/2y)}. (5) 

2. The translational speed vo of a steel ball which had 


rolled down the track of the launcher and onto the surface 
of the table was determined by allowing the ball to drop 
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Fic. 1. Launcher used to give a steel sphere a 
repeatable linear velocity vo. 


to the floor as indicated in Fig. 3, recording the values of 
x and y, and substituting these values in Eq. (5). 

3. The table was tilted as shown in Fig. 4 and the ef- 
fective acceleration of the ball in the direction of the 
gradient was determined by projecting the ball directly 
up the slope as indicated at A in Fig. 4, measuring the slant 
height attained H, substituting this value and the known 
value of vp in Eq. (4), and solving for a, which is the ac- 
celeration of a pseudogravity acting in the plane of the 
table. 

4. Each student selected or was assigned a particular 
value of @ and computed the values of T (time of flight), 
R (range), and H (maximum height) corresponding to 
that angle by use of Eqs. (2), (3), and (4). 

5. The student was made responsible for the placing of 
suitable targets at the computed positions of R and H 
and for the alignment of the launcher at the proper angle. 
The ball was then released and was observed to traverse a 
path on the surface of the table similar to the path shown 
at B in Fig. 4, hitting the targets if the computations were 
correct and the conditions favorable or missing them if 
they were not. The computed value of T was checked by 
means of a stop watch. 


In the elementary laboratories of the Uni- 
versity of Iowa, at the time this experiment was 
first presented, each instructor had charge of 
approximately twelve students. The time avail- 
able for the experiment was one hour and fifty 
minutes. Each student was given a mimeo- 
graphed sheet which contained the necessary 
equations, a short description of the methods 
used in determining vo and a, together with ap- 
propriate sketches and a table in which the values 
of T, R, and H, could be inserted corresponding 
to values of @ of 15°, 30°, 45°, 60°, and 75°. 
In addition, further information concerning an 
auxiliary experiment, which will be described 
later, was included. 


Fic. 2. Modification of launcher which prevents initial 
speed v of a ball from being less when projected uphill 


(dashed lines) than when projected along a horizontal 
surface. 


The first ten or fifteen minutes of the time 
available was used to outline the experiment to 
the students and to re-acquaint them with the 
formulas to be used. Equation (2) was derived 
by use of Eq. (1) with S=0 and with vp replaced 
by vosin@. Equation (3) followed immediately 
by multiplying each side of Eq. (2) by vo cosé. 
Equation (4) was obtained by combining Eqs. 
(1) and (2), with v of Eq. (1) replaced by 
vo sin@; and ¢ of Eq. (1) replaced by T/2 from 
Eq. (2). Equation (5) was derived by use of 
Eq. (1) with reference to a sketch similar to 
Fig. 3. 

The instructor then demonstrated the tech- 
nique to be used in the determination of vp by 
placing the launcher near the end of the table, 
adjusting the leveling screws until the plumb 
line was centered, and carefully releasing a steel 
ball at the top of the incline. After rolling down 
the incline, the ball would traverse the short 
distance to the table edge and fall onto the floor. 
This is the situation indicated in Fig. 3. Carbon 
paper was utilized in determining the position 
of the striking point. A number of repeat runs 
were then made during which student par- 
ticipation was encouraged to the extent that 
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Fic. 3. Illustration showing the arrangement utilized 
in the determination of vo. 
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such functions as operating the launcher and 
adjusting the carbon paper at the striking point 
were being performed by students. 

The instructor then divided the class into two 
groups and assigned to one the task of measuring 
the appropriate distances and calculating the 
value of vp. The other group assisted the in- 
structor in determining the value of a. The table 
was tilted with one edge above the other as 
shown in Fig. 4 and the launcher was mounted 
on an adjustable laboratory stool or small table 
in such a way as to project the ball directly up 
the incline with the initial velocity vp as indicated 
at A of the figure. The slant height H attained 
by the ball was recorded. 

By this time the first group was ready with the 
computed value of vp and the second group, using 
Eq. (4), quickly calculated the value of a. Since 
the initial velocity enters as vo? in Eqs. (3) and 
(4), vo? as well as vp and @ was recorded by each 
student for use in future computations. The 
time elapsed at this point was approximately 
40 minutes. 

The class was then redivided into groups of 
three or four students and each group computed 
T, R, and A for the particular angle assigned to 
it. After the computations were completed, each 
group was given an opportunity to test the cor- 
rectness of its predictions. The launcher and the 
adjustable stool or table which supported it 
were placed at the corner of the large table and 
the launcher was aligned at the correct angle by 
the members of the group. A small matchbox 
was placed at the predicted range position and 
a small cork stopper at the predicted position of 
maximum height as indicated at B in Fig. 4, 


Fic. 4. Illustration showing the arrangement utilized in 
the determination of a and in the check shots. 
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all decisions and adjustments being made by 
the group concerned. When the targets had 
been placed and all was in readiness, the 
shot was made. No practice shots were allowed. 
The total elapsed time at the completion of these 
shots was approximately 90 minutes. 

It is well to point out that the 90 minutes 
allowed for the completion of the experimental 
work described above applies only if the experi- 
ment is well organized and supervised by a 
competent instructor. Students working by them- 
selves with only occasional direction from an 
instructor could not be expected to complete 
the outlined experimental work in less than two 
and one-half to three hours. 


III. Discussion 


In the presentation of this experiment to 
students taking introductory physics many con- 
siderations were ignored which would have re- 
ceived attention in a class of more advanced 
character. The effects of friction and rotation, 
for example, were not mentioned unless they 
were first brought into the discussion by stu- 
dents, since it was felt that the danger of losing 
sight of the objective of the experiment because 
of an overabundance of subsidiary discussions 
was greater than the dangers associated with 
the avoidance of such discussion. Under other 
circumstances these effects cannot readily be 
ignored and should be discussed fully. 

In the initial conception of the experiment, 
provision was made to compensate for rolling 
friction by adjusting the slope of the table until 
no measureable change in speed occurred as the 
ball traveled the length of the table. This condi- 
tion was known to be achieved when the value 
of x (Fig. 3) could be shown to be independent 
of the length of table traversed by the ball. 
The adjustment thus made, however, is correct 
only if the ball is moving parallel to the long 
dimension of the table and in the proper direc- 
tion. For motion parallel to the ends of the 
table surface, the adjustment is quite incorrect. 
Consequently, compensation for friction in the 
manner described above is not recommended. 

The effect of rotation, unlike that of friction, 
is not small. This complication has been avoided, 
however, by choosing a method of determining 
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the value of @ which does not involve the 
moment of inertia of the ball. It is well known 
that the ratio of the linear accelerations of an 
ideal rolling sphere and an ideal sliding particle 
under the same conditions is 5/7. Consequently, 
a rolling sphere, and a sliding particle on which 
forces have been reduced by this ratio will have 
the same acceleration and therefore the same 
trajectory. Since the trajectory of the sliding 
particle is known to be parabolic, that of the 
sphere must be parabolic also, and the use of the 
rolling ball analog in the study of other types of 
parabolic trajectories is thus justified. 


IV. Results 


The primary objective of the experiment, as 
performed and as described above, is neither the 
attainment of high precision nor the complete 
understanding of the rolling ball analog, but 
rather merely to give the students an opportunity 
to apply the equations of projectile motion to 
concrete situations. This being the case, it is 
only necessary to ensure that the precision, 
judged by the percentage of hits, is not so low 
that it arouses derisive reactions from the stu- 
dents. The percentage of hits scored will de- 
pend, among other things, on (a) the size of the 
ball and of the targets, (b) the ability to align the 
launcher properly at the correct angle, and (c) on 
the condition of the table top or other surface 
used. The launcher design of Fig. 1 is not without 
shortcomings. Although the launching of a ball 
along a given line on a horizontal surface is 
quite simple, a similar launching along a line 
on a tilted surface is accomplished with somewhat 
less ease and precision. Likewise, the table sur- 
face used by the author was far from ideal. A 
certain amount of sag and warping was easily 
detected by sighting along its surface. In spite 
of these imperfections, however, the probable 
error in the values of vp and a obtained by 24 
separate laboratory sections was not greater than 
two percent. The steel balls used were { in. in 
diameter. The small cork stopper used to mark 
the position of maximum height had a diameter 
of approximately } in. and the matchbox target 
placed at the range position had a dimension in 
the plane of the table and normal to the tra- 
jectory of approximately 2 in. With these targets 


placed at the computed positions, the percentage 
of hits for the 24 laboratory sections was greater 
than 50 percent. Judging from the comments of 
a large number of students, this percentage was 
not considered by them to be low and the general 


reaction to the experiment was extremely 
favorable. 


V. Additional Experiment 


It has been mentioned above that with effi- 
cient utilization of time the experiment could 
be completed in 90 min. of the 110 min. available. 
Consequently, it was possible to perform an 
additional experiment which used the remaining 
time and extended the scope of the work per- 
formed during the laboratory period to include 
a problem involving the flight of a projectile 
acted upon by gravity. The experiment is essen- 
tially one in which the students predict the 
striking point of a metal ball which has been 
launched through an open window situated con- 
siderably above ground level. It should be made 
clear that this additional experiment is by no 
means an essential part of the experiment dis- 
cussed above. It can be deleted if the time 
available is insufficient, or for other reasons. 
However, if the laboratory period is sufficiently 
long, and if proper facilities are available, this 
additional experiment is quite worthwhile. 

A spring gun, such as is used in ballistic 
pendulum experiments, was clamped securely to 
a small laboratory table which was properly 
placed and tilted in order to allow the gun to 
fire a metal ball through an open window, the 
angle of elevation being 45°. The situation is 
shown schematically in Fig. 5. A similar sketch 
was included on the mimeographed, sheets pre- 
sented to the ‘students at the beginning of the 
laboratory period. 

In order to predict the position at which the 
projectile would strike the ground, it was first 
necessary to know the initial velocity vp im- 
parted to the projectile launched at an angle of 
45° by the gun. It is obvious that this value 
will differ from the value of vo for a horizontally 
projected ball. The proper value was determined 
by moving the table supporting the gun so that 
the range of the projectile, launched at 45°, 
could be measured within the room. An adjust- 
















Fic. 5. Drawing showing the essential features of an 
additional laboratory experiment involving the prediction 
of the striking point of a projectile. 


able stool was placed so that its surface was at 
the same height as the ball at the instant it left 
the gun and at the proper distance to intercept 
its trajectory. The measured value of the range 
was then inserted into Eq. (3) to obtain vp. 

The table and gun were then moved to the 
window and placed in a predetermined position. 
The horizontal and vertical distances, from the 
muzzle of the gun to a reference point on the 
ground were given to the students. Using the 
given vertical distance S and the vertical com- 
ponent of vp in Eq. (1), the time of fall was de- 
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Prior to this century, an analysis of the experimentalist’s activity might have shown that the bulk 
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termined. The product of the horizontal com- 
ponent of vp and the time of fall gave the pre- 
dicted horizontal distance to the striking point. 
A colored paper target, such as can be obtained 
wherever archery equipment is sold, was placed 
at the computed striking point by the students. 
The direction of flight was ascertained by firing 
another metal ball whose mass differed appreci- 
ably from that of the ball under consideration. 

When all was in readiness and the students 
were clustered at the windows or near the target, 
the trigger of the gun was pulled, the projectile 
was launched through the window and fell to 
the lawn below striking in or near the bulls-eye. 

An indication of the accuracy which can be 
expected can be gained from the results achieved 
by 24 laboratory sections. The value of vo was 
found to be approximately 15 ft sec! and the 
vertical distance to the striking point was ap- 
proximately 50 ft. Under these conditions 12 of 
the 24 shots attempted hit within 5 in. of the 
computed striking point. 

In recent months a 10-in. diameter gong has 
been substituted for the paper target with con- 
siderably increased effectiveness when judged by 
audio standards. 

The author wishes to thank Dr. C. J. Lapp for 
his helpful counsel and Mr. J. G. Sentinella for 
his assistance in constructing the launcher. 


of his time was spent in getting ideas and in analyzing the data of his subsequent experiments, while 
a minimum of time was spent in the construction of instruments. In the present period, too often 
the scientific situation is such that the bulk of his time has to be spent in the construction of instru- 
ments. From the point of view of research this is bad. . . —E.U.Conpon, Is There a Science of 


Instrumentation? (Science 110, 339 (Oct. 7, 1949)). 








er eae ETT SIT TLE ETL I 


The Teaching of Electricity and Magnetism at the College Level* 


II. Two Outlines for Teachers 


(Report of the Coulomb’s Law Committee} of the A. A. P. T.) 


3. Acceptable Schemes for Teaching the 
Fundamental Principles of Electricity 
and Magnetism 


3.1 Introduction 


N the course of the committee deliberations 

several possible acceptable procedures for 
teaching the fundamental principles of elec- 
tricity and magnetism were discussed. Two of 
these outlines were worked out rather fully and 
are reproduced herewith as Part 3 of this re- 
port. They represent the best thought of the 
committee, but lay no claims to inspiration. 
Numerous acceptable variations from each of the 
basic outlines will suggest themselves to the ex- 
perienced teacher. 

For the sake of clarity the outlines are given 
in considerable detail. Material included in small 
print for completeness is considered suitable for 
an intermediate course in electricity and mag- 
netism rather than for an introductory course in 
general physics. In working out the basic out- 
lines (large print) we have had in mind pri- 
marily the needs of first-year courses for students 
intending to continue into engineering, physics, 
or chemistry. The selection of the more descrip- 
tive material usually given in the freshman year 
to liberal arts students who do not expect to 
major in physical science can be made in so 
many ways that it seemed unwise to attempt it 
here. We believe, however, that the teachers of 
such students have the same responsibility for 
fostering clear thinking as teachers of engineer- 
ing and physics majors. It is our hope that the 
outlines here given will be helpful to both classes 
of teachers even if many find it necessary to 
omit some of the logical connections. 


3.2 Outline 1. Traditional Approach 


3.21 The Electrostatic Field in Free Space.— 
In order to gain the immediate interest of prac- 


* Continued from Am. J. Physics 18, 1 (1950). The list 
of principal symbols is repeated here. 

+ The Committee is W. F. Brown, Jr.; N. H. Frank; 
E. C. Kemble, Chairman; W. H. Michener; C. C. Mur- 
dock; D. L. Webster. 


tically minded students who have an initial 
familiarity with the elementary phenomena of 
current electricity it will be well to point out at 
the beginning of electrostatics that it is not 
possible to acquire clear ideas about current elec- 
tricity without a knowledge of the elementary 
facts of electrostatics. One can also call attention 
to the practical importance of the Van de Graaff 
generator, the electrification of powders, and 
atmospheric electricity. 

Give a qualitative demonstration of the ele- 
mentary phenomena of “‘frictional’’ electricity 
during which the existence of attractive and re- 
pulsive forces is made clear. Use the Faraday 
ice-pail experiment to show that the presence 
of an electric charge on a body may be detected 
by the deflection of an electroscope. This basic 
operation for the detection of charge should be 
demonstrated in a lecture experiment. Define 
equal charges as those that produce equal elec- 
troscope deflections. Show that two such equal 
charges introduced simultaneously into the ice- 
pail produce either zero deflection, or a larger 
deflection than does either charge alone. Use this 
demonstration and another in which contact 
charges are generated inside the ice-pail to 
justify the “plus” and “minus” conventions for 
charges. 

Explain how to calibrate the electroscope in 
terms of an arbitrarily chosen standard charge 
and integral multiples of that charge. Point out 
that the calibrated electroscope can be used to 
measure the ratio of two charges without regard 
to the ultimate unit of charge to be ddopted. 

Develop Coulomb’s law in the forms of Eqs. 
(1-1) and (1-2) as an experimental fact, em- 
ploying previously measured charges, and pro- 
ceed to the specification of the constant of pro- 
portionality ko in the system or systems of units 
to be employed. In this development of Cou- 
lomb’s law take due account of the logical steps 


(c), (d), (f), (7), (), (m), and (m) at the end of 
Part 1.% 


38 This procedure based on the Faraday ice-pail experi- 
ment is much less involved than a logical development 
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A still more simplified alternative approach 
permissible in an introductory course is to adopt 
a frankly quasi-deductive or postulational point 
of view after introducing the inverse square 
law in the form given in (c), and the definition 
of a point charge as in (d), Sec. 1.2. One can 
then say that a detailed study of the total ex- 
perimental situation warrants the postulate that 
the algebraic value of a point charge can be so 
defined that the complete relation between force, 
charges, and distance for point charges becomes 
Eq. (1-2). It follows from this postulate that a 
unit charge must be one which repels an equal 
charge at distance r with a force ko. The alge- 
braic charge g on any body must be equal to 
Fr?/ko, where F is the algebraic force of inter- 
action with a unit positive charge at a distance r 
large enough to make the inverse square law 
applicable. Thus the definition of charge is de- 
duced from the postulate.*® 

Observe that according to Coulomb’s law the 
force on a small‘ test-charge at a point P in an 
electrostatic field can be resolved into the product 
of two factors, one of which is the algebraic value 
of the test-charge itself, while the other is a 
vector quantity E depending on the location of 
other nearby charges, but independent of both 
the magnitude and the sign of the test-charge. 
Designate the factor E as the electric intensity at 
the point P.*! Note that the total electrical in- 
tensity due to the combined influence of a dis- 
tribution of point charges is the vector sum of 
the electric intensities which the several point 
charges would produce if each acted alone. 

Discuss the general concept of a ‘‘field.”” Ex- 
plain the meaning of the term “‘line of force’ 
in an electrostatic field and exhibit such lines of 
force by the use of gypsum crystals or cork 


based solely on the Coulomb’s law experiment such as 
= attributed to the ‘“‘ultra-conscientious” instructor in 

art 1. 

39 This second procedure has an obvious advantage in 
simplicity and brevity. Its chief disadvantage is that it 
fails to separate the elements of the theory which are con- 
ventions from those which are required by the experi- 
mental facts and thus tends to familiarize the student with 
the formalism of the theory without giving him a firm 
grasp of the experimental significance of the concepts. 

40 See Eq. (2-14). 

“t It may be helpful to point out that the “acceleration 
of gravity”’ g is the magnitude of the force-per-unit-mass 
exerted by the earth’s gravitational field in a small body. 
The vector g is accordingly the gravitational analog of the 
electric intensity E, 


filings. Call attention to the fact that the lines 
of force converge as we pass to points of the 
field where the electric intensity is strong and 
diverge as we pass to points where it is weak. 
Explain also the use of representative lines of 
force (representing unit tubes of force) to indi- 
cate graphically the direction and magnitude of 
the electric intensity in the Coulomb field of a 
point charge. Make it clear that such use of 
representative lines of force is possible only 
because the field of a point charge follows an 
inverse square law. State the more general prin- 
ciple that unit lines of force can be used in the 
same way to represent a general electrostatic 
field in charge-free space. Formulate the theorem 
of Gauss, using the number of unit lines of force 
which emanate from a closed surface as a repre- 
sentation of the flux of the vector E through the 
surface. Apply the theorem to show that in the 
absence of electric currents no charge can exist 
in the interior of a conducting medium. Demon- 
strate with gypsum crystals or cork filings the 
rule that the electric intensity in space just out- 
side the surface of a conductor in static equi- 
librium must be normal to the surface. Apply 
the theorem of Gauss to show that the algebraic 
value of the normal component of E in free space 
next to such a conducting surface must have the 
numerical value 


(Gauss) 
(Giorgi) 


E,=41e., 
Bx = o-/ €0- 


(3-1a) 
(3-1b) 


Define electric potential as work-per-unit-charge 
done by or against electrostatic forces, emphasiz- 
ing the fact that according to Coulomb’s law the 
work of moving a test charge from one point to 
another in an electrostatic field is independent 
of the path. State, or if time permits, evaluate, 
the potential distribution in the neighborhood of 
an isolated point charge or a distribution of such 
charges. Define the volt as a potential difference 
of one joule per coulomb. 

Define the capacitance of a conductor and of 
a condenser. Develop the theory of the infinite 
parallel-plate air condenser from Eq. (3-1). 
Evaluate the energy of a charged condenser. 

Discuss Millikan’s oil-drop experiment and 
the atomicity of electric charge. Note the, possi- 
bility of interpreting the charge on any body in 
terms of a counting operation. 








If the time allowance and the mathematical level of the 
course permit, prove the theorem of Gauss by a discussion 
of the surface integral and show that in charge-free space 
the flux of E through a tube of force is constant. On this 
basis validate the quantitative representation of the elec- 
tric intensity by unit lines of force. 


3.22 The Electrostatic Field in Dielectric Me- 
dia.—This subject may be introduced along the 
lines indicated by paragraphs in small type, 
Sec. 2.4, stressing the electric polarization as 
the basic concept of the theory. 

In applying the theory to the infinite parallel- 
plate condenser filled with an ideal homogeneous 
isotropic dielectric assume that the electric 
polarization P is given by 


(Gauss) P= x.E, 
P= eox-E, 


(3-2a) 
(3-2b) 


where the electric susceptibility x, is positive 
and depends only on the nature and state of the 
medium, being independent of E. Note that 
Eq. (3-2) is not in harmony with the experi- 
mental behavior of a// insulating media. 

Assume from the symmetry of the problem 
that E and P are normal to the plates throughout 
the space between them. Then apply Gauss’s 
theorem to prove that each of them has the 
same value at all points of the field. Postulate, 
in accordance with the definition of E laid down 


in Sec. 2.4, that Eq. (3-1) is to be generalized 
to become 


(Gauss) 


or (Giorgi) 


E,=4n(oet+op), (3-3a) 
En=(oetop)/€o, (3-3b) 


where the polarization charge ¢, is equal to the 
component of P directed from the dielectric 
toward the plate which carries the conduction 
charge o,. Hence, show that 


or (Giorgi) 


(Gauss) E,=42(o-—Pn) =42(o-—X-En), (3—4a) 
or (Giorgi) 


En=(¢e—Pn)/€0= (oe/€0) —XeLn. (3—4b) 


Finally solve for ¢,/E, and work out the formula 
for the capacitance in terms of the relative di- 
electric constant «,, defined as 1+47x, in the 
Gaussian unit system, or 1+ x, in rationalized 
Giorgian units. 


If time and the course level permit, one may proceed 
to the discussion of the field due to a point charge g em- 
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bedded in an infinite ideal homogeneous and isotropic 
dielectric. Derive Coulomb's law in the form E=q-/ker? 
(Gauss), or E=g-/(4meoxer*) (Giorgi) from the theory of 
polarization.* Note that the equation holds if we have a 
number of point charges, or a distribution of charge on 
conductors imbedded in an infinite homogeneous dielectric. 
Call attention to the fact that it fails if the dielectric does 
not fill all the space in which there is a field, or if the di- 
electric is inhomogeneous. 

Show by the method described at the end of Sec. 2.1, 
that the net force on a free point charge gq. in a dielectric 
fluid must be g-E. Thus the same experimental method can 
be used to measure E in a fluid as in a vacuum. 


Discuss the significance of the electric in- 
tensity E and the potential V in the interior of 
a solid dielectric. From the point of view of the 
continuum model, E is a vector quantity calcu- 
lated according to Coulomb’s law for a vacuum 
from the combined distribution of conduction 
charges and polarization charges. The relation 
between E and the potential gradient is the 
same inside the dielectric as in a vacuum. If 
time permits, introduce D as E+4zP, or as 
€9E+P, and show that the flux of D/4z, or D, 
from any closed surface is equal to the total 
conduction charge inside the surface. Thus the 


vector lines of D terminate only on conduction 
charges. 


If time permits, mention also the Kelvin-cavity defini- 
tions of E and D for the interior of a solid dielectric (see 
Sec. 2.4, small type). 


It is desirable that the polarization vector be discussed 
from the atomic point of view as well as in terms of the 
continuous model. The application of an external field 
may polarize an atom or molecule, or may change the 
orientation of its pre-existing dipole moment. Show that a 
material composed of polarizable atoms and molecules 


* For an elementary derivation one may start with the 
fact that symmetry demands that the polarization charge- 
density must be uniform on any sphere drawn about the 
point charge g- as a center. Furthermore, E and P must 
be everywhere radial. Show by the theorem of Gauss that 
the radial component of E is 


(qet+Qp)/t? or (ge+qp)/(4reor*) 


depending on the units employed, where gq» is the total 
polarization charge inside a sphere of radius r centered 
on the point conduction charge g-. If P(r) and E(r) denote 
the radial components of P and E on the sphere, 


(Gauss) dp = — 409° P(r) = —4 ax E(r), (a) 
or (Giorgi) Qp = —4a97*x-E(r)eo. (b) 


Combining this equation with the previous expression for 
E(r) show that g» is independent of r and must therefore 
adhere directly to the point conduction charge ge. Thus 
the polarization charge density is zero except at the center 
of the sphere. (In an advanced course one would prove this 
from divergence relations.) Elimination of gp from the two 
equations which relate it to E gives Coulomb’s law. 
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can be expected to behave like the previously introduced 
continuous model of a dielectric. Identify the polarization 
P with the product of the number of molecules per unit 
volume and the average vector dipole moment of the mole- 
cules. Note that the vector E of macroscopic electrical 
theory is a smoothed-out vector function obtainable in 
principle by averaging the irregular microscopic field over 
a volume large enough to contain many molecules. 


3.23 The Magnetostatic Field in Free Space.— 
Begin by exhibiting the basic qualitative facts 
of the magnetostatics of permanent magnets in 
air, emphasizing the North-South orientation of 
a freely suspended needle-magnet and the exist- 
ence of small regions (poles) of intense apparent 
magnetic activity of different sign which appear 
at opposite extremities of a properly magnetized 
slender rod of iron or steel. Observe that mag- 
netostatic experiments in air, like electrostatic 
experiments are, to all intents and purposes, 
equivalent to similar experiments performed in a 
vacuum. Describe the Coulomb experiment and 
postulate the existence of positive and negative 
distributions of magnetic pole strength, or mag- 
netic charge, on the surface and within the vol- 
ume of magnets, these poles having the property 
of exerting forces on one another which may be 
computed from Coulomb’s law in the form 


(Gauss) Fn=(pp’)/r’, (35a) 
(Giorgi-Kennelly)* F,,=(pp’)/(4mpor?). (3-5b) 


Point out that on the basis of this assumption 
it is possible to develop a theory of magneto- 
statics analogous to that which has just been 
developed for electrostatics. In the process of 
this development there will appear an intensity 
of the magnetic field H analogous to E; a mag- 
netic polarization M analogous to P; a magnetic 
susceptibility x», analogous to x,.; a magnetic 
induction B analogous to D; a dimensional con- 
stant wo analogous to ¢9; and a relative perme- 
ability xm analogous to x,.. Complete the implicit 
definition of pole-strength in the Giorgi-Kennelly 
system by assigning the value 47X10-7 to po, 
deferring the justification of the choice till later. 
Define the magnetic intensity H in free space as 

48 Since the Kennelly definitions of pole-strength, mag- 
netic moment, and magnetization are better adapted to 
the traditional approach to magnetism described in this 
outline (Outline I), they are used throughout Sec. 3.2. To 
get the corresponding equations in the Sommerfeld- 


Stratton scheme replace p by pop, and M by woM. Cf. 
footnote 33, Sec. 2.6, 
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force-per-unit-pole-strength on a needle-magnet 
pole. 

Deduce the existence of the earth’s magnetic 
field from the compass experiment. Perform the 
floating magnet experiment and deduce the rule 
that the algebraic sum of the pole-strengths of 
a magnet is zero. Perform the experiment of 
breaking a magnet in two and observe that 
thereby one does not separate positive and nega- 
tive poles, but produces two complete magnets. 
Hence we may infer that permanent magnets 
are the seat of a permanent distribution of mag- 
netic polarization M similar to the electric 
polarization P observed in dielectrics (Sec. 3.22) 
except that it is not caused by an external field. 
On this hypothesis the distributions of magnetic 
poles at the ends of a bar magnet are similar to 
the distributions of bound electric charge on the 
surfaces of a polarized dielectric. The hypothesis 
is in satisfactory agreement with the outcome of 
the Coulomb experiment, both for large dis- 
tances and for small distances. 

Here it may be noted that many low symmetry 
crystals are by their structure permanent elec- 
trets, but that the electret properties are not 
commonly observed because of the neutralizing 
charges which cover the surface of the crystal 
due to the conductivity of the air. The fact that 
permanent magnets are not similarly neutralized 
may then be cited as evidence that no free poles 
exist in the atmosphere, i.e., that air is not a 
magnetic conductor. It should be pointed out 
that we do not find anywhere in nature the mag- 
netic analog of the electric conductor nor free 
poles analogous to free electric charges. Since 
the only magnetic poles known to exist are those 
due to the magnetic polarization of matter, it 
becomes evident that the elementary particle 
of magnetostatics is not the magnetic pole, but 
the magnetic dipole. 

Demonstrate the measurement of the mag- 
netic moment of a magnet and of the strength of | 
the earth’s field by a magnetic pendulum and 
magnetometer. 

Discuss the elementary facts regarding in- 
duced magnetism. Give a qualitative explana- 
tion of the orientation of iron filings in a mag- 
netic field in terms of induced magnetic moments. 
Interpret magnetic polarization as a distribution 
of elementary magnets with predominant ori- 
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entation in the direction of M. Call attention to 
the fact that an electric circuit produces a 
magnetic field like that of a permanent magnet 
and explain that there is good reason to identify 
elementary magnets with molecular, or atomic, 
currents of electricity. From this point of view 
the poles at the ends of a magnet are convenient 
fictions, the forces and torques acting on magnets 
being due in the last analysis to interactions 
between the external magnetic field and the 
molecular currents. Develop the qualitative mo- 
lecular theory of magnetism in the usual way, 
calling attention to the Curie point and allied 
phenomena. ; 

3.24 Electric Currents.—Begin with the dis- 
tinction between conduction currents and con- 
vection currents. If the instructor so desires he 
may mention also the existence of polarization 
currents and so-called ‘‘displacement currents” 
involving no transport of charge, but producing 
magnetic effects similar to those of a true flow 
of charge. 

Show the transfer of charge which occurs as a 
result of the transient conduction current that 
takes place when insulated conductors at dif- 
ferent initial potentials are connected by a wire. 
Explain that steady conduction currents require 
closed circuits and nonelectrostatic forces origi- 
nating in an electric ‘“‘pump,”’ such as a battery 
or a dynamo. 

Exhibit a steady current and show qualita- 
tively the heating effects, magnetic effects, and 
chemical effects by which currents can be de- 
tected and measured. Define the emf of an 
electric pump as the work-per-unit-charge done 
by that pump when current passes through it. 
Emphasize that the emf is not really a force in 
the modern sense of that term, being measured 
in volts, or joules-per-coulomb, and not in dynes, 
or even in dynes-per-coulomb.“ 

4 Note that the net force in dynes acting on an element 
of conduction charge in a solid or liquid conductor is not 
practically important because the frictional resistance to 
motion is so great that the acceleration and kinetic energy 
of the charges are always extremely small. For this and 
other reasons most problems connected with current flow 
in linear circuits can be handled most expeditiously by 
energy methods in which emf and potential are of central 
importance. In the equations that govern the flow of cur- 
rents in such circuits the emf plays a role analogous to 
that of the external force in the familiar equation for the 
drag on a body moving with constant speed through a 
viscous medium. Hence the term “electromotive force’ 


makes sense functionally in spite of the fact that it is 
misleading from the point of view of dimensions. 
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Call attention to the fact that, if a battery 
is On open circuit, its terminals are charged to a 
difference of potential equal to the emf. Current 
flow through the cell is prevented by the balanc- 
ing of the nonelectrostatic thermochemical forces 
in one direction against the opposing electro- 
static forces due to the charge distribution on 
the terminals and inside the battery. Explain 
that when the circuit is closed, so that the cur- 
rent can flow through the battery and the ex- 
ternal wire without building up additional 
charges on the terminals of the battery, the elec- 
trostatic field due to the battery is radically altered. 
The potential difference between the terminals 
is lowered and a steady fall of potential as one 
passes along the wire from the positive terminal 
of the battery to the negative is established. 
The fall of potential as one proceeds along the 
wire can be measured with a sensitive electro- 
scope. It is independent of the shape of the wire, 
whether wound in a coil or straightened out. 
Observe that the redistribution of potential in 
the space around the battery is due to the 
creation of a distribution of charge on the sur- 
face of the wire controlled primarily by the 
frictional resistance which the current meets in 
the wire. 

Define the current J in a conducting channel 
conceptually as the number of units of charge 
crossing a section of the wire per second. The 
flow of positive charges in one direction is equiva- 
lent to an equal flow of negative charges in the 
opposite direction, so that the net current is 
actually the sum of two components due to the 
two types of charge. Note that in solid conductors 
the flow of positive charges is insignificant, but 
in liquid and gaseous conductors this is not true. 

Remind the students that electric turrents 
produce magnetic fields and that through these 
fields they exert forces and torques on each other. 
Enunciate, or demonstrate, the law that the 
force (or torque) exerted by the simultaneous 
influence of two different current-carrying coils 
A and B on a permanent magnet or on a third 
current-carrying coil in free space is the vector 
sum of the forces (or torques) that A and B 
exert when acting separately.*® Draw the in- 
ference that the force (or torque) that a current- 

** A demonstration of this law using a current balance 


or a tangent galvanometer with two large coils might well 
be made the basis of a laboratory experiment. 
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carrying coil A exerts on a magnet, or on a second 
coil, must be proportional to the current in A. 
Define the electromagnetic unit of current and/or 
the ampere in terms of the magnetic intensity at 
the center of a circular coil or in terms of the 
force exerted by a current in a very long straight 
wire on a parallel and equal current. Define the 
coulomb in terms of the ampere. If you use cgs 
units, introduce the ratio c of the abampere to 
the electrostatic unit of current. 

Joule’s law—that in a given homogeneous 
linear conductor at fixed temperature and pres- 
sure the rate at which energy is dissipated in 
heat is proportional to the square of the cur- 
rent—can be introduced to advantage before 
Ohm's law. Resistance can then be defined as the 
ratio of the power dissipated to the square of the 
current. Develop the law for the addition of re- 
sistances. Note that the resistance of a wire is 
inversely proportional to its cross-sectional area 
and define specific resistance. 

Ohm's law for a complete circuit can then be 
deduced from Joule’s law as a simple application 
of the principle of the conservation of energy. 
Note the failure of both laws for currents in 
gases. Explain how to evaluate the total electro- 
motive force when the circuit contains several 
batteries or generators in series. Formulate Ohm’s 
law for a part of a circuit consisting of a pure re- 
sistance, or of a resistance and battery. Show 
that this law, verifiable by electrostatic measure- 
ment of the potential drop, in conjunction with 
Joule’s law, implies that the work done by elec- 
trostatic forces on the current in each section of 
an electric circuit is equivalent to the heat de- 
veloped in that section. Discuss the changes in 
the potential difference between the terminals 
of a battery due to the flow of current through 
its internal resistance. 

At this point it will be advisable to discuss a 
variety of applications of Ohm’s law, including 
the use of galvanometers, ammeters, and current 
voltmeters. In this connection the measurement 
of the capacitance of a condenser with a ballistic 
galvanometer, or with an alternating current 
ammeter and voltmeter should be described (see 
footnote 49, Sec. 3.32). Then call attention to 
the fact that if such a measurement is carried 
out with an “‘air’’ condenser whose capacitance 
is geometrically calculable, the observations 
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yield a determination of ¢9 or c, according as 
one is using Giorgi units or Gaussian units. 
Returning to the magnetic fields of steady 
currents in linear circuits, demonstrate the quali- 
tative similarity between the external fields of a 
current-carrying coil and of a permanent magnet 
at distances large compared with the linear 
dimensions of the coil and magnet. On the basis 
of experimental data postulate the quantitative 
equivalence of the fields of a plane current loop 
and a magnet of suitable moment at large dis- 
tances from the sources. State, or derive, Am- 
pere’s theorem of the equivalence at all distances 
of the field of a linear circuit carrying a current J 
and the field of a magnetic shell whose moment 
per unit area is proportional to J and whose 
periphery follows the line of the circuit. Note 
that the required moment per unit area is equal 
to J in the absolute electromagnetic and Sommer- 
feld units, but to woJ in the Kennelly mks units. 


If.the level of the course permits, formulate Ampere’s 
law for the production of a magnetic field by a current in 
a circuit of any shape. 


Call attention to the fact that in accordance 
with the law of action and reaction the force 
and torque acting on a current loop in free 
space due to an external magnetic field must be 
equal to the force and torque on ‘an equivalent 
magnetic shell in the same field. Derive the law 
for the force on a current element in a trans- 
verse magnetic field, perhaps by considering 
the interaction of a circular circuit with a mag- 
netic pole at its center. 

If mks units are used, it will be well to define 
B for points in free space in terms of the force- 
per-unit-length, per-unit-current, in a transverse 
magnetic field before deriving the corresponding 
expression in ‘terms of H. The value of po can 
then be referred to an experimental determina- 
tion of the ratio B/H carried out by observing 
the torque exerted by a large circular circuit on 
a small circuit at its center when the axes of the 
circuits are at right angles. 

Electromagnetic induction in free space may 
be introduced at this point, care being taken to 
distinguish between its three different forms. 
Explain motional emf first as a consequence of 
the force exerted by a magnetic field on the con- 
vection current of conduction electrons created 
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by displacing a conductor in the field. The mag- 
nitude of the motional emf can be worked out on 
this basis. Exhibit the corresponding emf due 
to the displacement of the sources of a magnetic 
field relative to a stationary coil and note that 
according to the theory of relativity the emf due 
to the relative motion of source and coil cannot 
depend on the absolute motion of either one. 
Finally, point out that a change in the flux 
through a stationary coil due to an alteration in 
the current in a neighboring coil produces the 
same emf as that obtained when a similar change 
in flux occurs as a result of relative motion.*® 
Formulate the general expression for the total 
emf in a circuit 


N d® 
(Gauss) é=—-———, (3-6a) 
c dt 
db 
(Giorgi) é=— __ (3-6b) 
t 


Note that this combined expression for the emf 
due to three superficially distinct causes does 
not hold if the current is not confined to a defi- 
nite linear circuit (for example, in Barlow’s 
wheel or any system with sliding contacts) and 
does not indicate the parts of the circuit in which 
the emf is localized. It will be well at this point 
to drive in the distinction between emf and po- 
tential difference (commonly lumped together 
as “‘voltage’’) by calling attention to the case 
of a symmetrical ring in a decreasing axially 
symmetric magnetic field, where current flows 
through a resistance, but where it is clear from 
symmetry considerations that no potential dif- 
ference can exist. 

Call attention to the fact that the evaluation 
of the flux in a magnetic medium requires further 
discussion. 

3.25 Magnetic Materials.—The discussion of 
magnetic materials may well begin with a more 
detailed interpretation of magnetization in terms 
of Amperian currents. Return to the qualitative 
polarization theory of Sec. 3.23 and note that the 
magnetic polarization vector M can be defined 
either as magnetic moment per unit volume, or 
as a vector quantity whose magnitude is the 
"48 Cf. L. Page and N. I. Adams, Am. Physics Teacher, 


3, 51 (1935), for an illuminating discussion of the logical 
hazards in teaching the laws of induction. 
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pole-strength per unit area of a transverse sec- 
tion. Show that an ideal uniformly magnetized 
cylinder would be equivalent externally to a 
pile of magnetic shells of equal strength and 
thickness and hence would produce an external 
field identical with that of uniform distributions 
of positive and negative pole-strength across the 
end surfaces. Show that since a shell of polariza- 
tion M and thickness d/ is equivalent to a periph- 
eral current of magnitude Md (electromagnetic 
or Giorgi-Sommerfeld units), or Mdl/yo (Giorgi- 
Kennelly units), the complete magnet must pro- 
duce an external field H in free space equal to 
that of a uniformly wound solenoid with n turns 
per unit length and a current of M/n units in the 
electromagnetic or Giorgi-Sommerfeld systems, 
but of M/nyo amperes in the Giorgi-Kennelly 
system. The accepted Amperian current interpre- 
tation of magnetization implies the existence of a 
net uncancelled Amperian surface current whose 
linear density is M (or M/yo). (The average 
vector volume density of uncancelled Amperian 
current in any macroscopic element in the in- 
terior of the medium is proportional to curlM 
and vanishes when the magnetization is uni- 
form.) Thus the net current distributions for an 
ideal uniformly polarized cylindrical magnet and 
an equivalent solenoid are effectively identical 
except that in one case we have to do with un- 
cancelled Amperian current and in the other 
case with directly measurable conduction cur- 
rent. Point out that real cylindrical magnets are 
not uniformly polarized and that their poles are 
not distributed exclusively over the end faces. 
State, or prove, that it is possible to generalize 
these conclusions and to derive mathematically 
equivalent expressions for the external field pro- 
duced by a space distribution of magnetization 
in terms of the corresponding distribution of pole 
strength or of uncancelled Amperian currents. 


In more advanced courses the following equations (in 
Giorgi-Kennelly units) may be derived.‘7 


47 The corresponding equations in Gaussian units may 
be obtained by replacing B/uo by B and omitting the 
factors 1/4muo outside the integral signs. To convert 
to Giorgi-Sommerfeld units replace M by uoM. In the 
second and third integrals contributions from the bounding 
surface of the magnet have been omitted on the assump- 
tion that they are to be subsumed into the volume integrals 
by means of the usual transition-layer device. The vector 
1, is, of course, the unit vector from the integration point 
to the field point. 





H=B/y= ff fee, (3-7) 
1p divM 

--— S [Fn (3-8) 

Ae ee 


Equation (3-7) represents the field of a continuous volume 
distribution of magnetic dipoles. It is based on Coulomb's 
law [Eq. (3-5) ] and the dipole concept. Equations (3-8) 
and (3-9) are derived from Eq. (3-7) by direct transforma- 
tion.*? The former equation represents the same field as 
Eq. (3-7) computed from the net volume density of the 
magnetic pole strength, —divM, while the latter represents 
the field as the sum of contributions from the uncancelled 
Amperian current density (1/u0o)curlM. For the purpose 
of computing H or B at exterior points all three formulas 
are equally legitimate. 


It should be emphasized at this point that, 
although the field of a distribution of polariza- 
tion is the same at exterior points whether we 
compute it from the equivalent magnetic pole 
distribution, or from the equivalent distribution 
of uncancelled Amperian currents, this is by no 
means the case for interior points. In the case 
of a permanent bar magnet the fields computed in 
these two ways have opposite directions at interior 
points. Hence arises the need for distinguishing 
between two different magnetic vectors at interior 
points of a magnetic medium. 

The magnetic intensity H can now be defined 
as a theoretical concept for interior points of a 
magnetic medium if we specify that it shall be a 
vector quantity composed of two terms, H’ and 
H,, to be compued as follows: H’ is the external 
intensity due to currents or distributions of mag- 
netic polarization outside the medium and com- 
puted as if the medium were not magnetic; H, is 
the self-field of the medium computed according 
to Coulomb’s law for a vacuum from the distribu- 
tion of pole strength which accompanies the 
magnetization of the medium. In other words 
H, is to be computed from Eq. (3-8). Thus, in 
an electromagnet H is the resultant of the 
field of the exciting coil in air and the field of 
the induced distribution of pole strength at the 
ends of the core, if any. This definition makes H 
a magnetic analog of E (see Secs. 2.4 and 2.5). 


‘8 Equations (3-7), (3-8), (3-9) are equivalent to Eqs. 
(11), (13), and (12) in “Field vectors and unit system in 
the theory of electricity,’’ William Fuller Brown, Jr., Am. 
J. Physics 8, 338 (1940). 
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The magnetic induction B can be defined in 
turn for interior points of a magnetic medium 
by the equation 


(Gauss) 
(Giorgi) 


H’+H.. 
po(H’ +H.) 


(3-10a) 
(3-10b) 


where H,, is the magnetic intensity of the me- 
dium computed from its uncancelled Amperian 
currents, that is, on the basis of Eq. (3-9). 

State, or prove, that the definitions of H and B 
at interior points lead to Eq. (2-43) and call 
attention to the parallelism between this equa- 
tion and Eq. (2-42) for electrostatics. Note that 
Eq. (2-43) can be used as an alternative defini- 
tion of either B or H in terms of the other. On 
the basis of Eq. (2-43) and the theorem of 
Gauss show that the flux of the outward com- 
ponent of B from any closed surface is zero, 
there being no magnetic equivalent of conduction 
charge. (In advanced courses it will suffice to 
show that the divergence of the right hand 
member of Eq. (2—43) vanishes identically.) 

Call attention to the experiments of Barnett 
and others which prove that angular momentum 
must be supplied to the elementary magnets 
when iron is magnetized, thus confirming the 
Amperian current theory. 

Explain that if the Amperian current theory 
is correct one would expect that the induced 
electromotive force in an electromagnet would 
be determined by the rate of change of the flux 
of B, rather than by the rate of change of the 
flux of H. Show further that in fact the general- 
ization of Faraday’s law of induction [Eq. 
(3-6) ] for circuits near magnetic bodies requires 
that the flux ® be calculated from a vector whose 
lines are all closed loops (zero divergence), such 
as B. Explain that these considerations are sup- 
ported by experiment and that the theory identi- 
fies the flux of our conceptual vector B with the 
experimental flux through an electromagnet de- 
rived by the generalization of the law of electro- 
magnetic induction to include magnetic cores. 

The magnetic intensity H is important in the 
ideal case of a ring-shaped electromagnet with a 
continuous soft iron core because H is identical in 
this case with the external field which causes the 
magnetic polarization. It is convenient to re- 
gard H as the ‘magnetizing force’’ even when 
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we are considering the magnetization of a short 
iron bar, though this interpretation must be 
regarded as a convention. 


The Kelvin-cavity procedures for the ‘“‘experimental”’ 
measurement of B and H can be mentioned at this point, 
but the difficulty of carrying out these procedures should 
not be glossed over. Note that there is no general way to 
determine experimentally the magnetic polarization of a 
hard magnet of unknown previous history, although the 
average changes in B can be observed by induction. Call 
attention to the fact that B is the average of the micro- 
scopic field—a fact which harmonizes with the Kelvin 
method of measurement, for the removal of a transverse 
slot does not affect the distribution of uncancelled Ampe- 
rian currents which produces the field to any appreciable 
extent, whereas the cutting of a longitudinal drill-hole re- 
quired for measurement of H produces additional un- 
cancelled Amperian currents just sufficient to account for 
the difference between B and H. Observe that on the other 
hand E, not D, is the mean microscopic electric intensity 
and that in the electric case, where the fields are due to 
charge densities, it is the transverse slot which produces 
new polarization charges and accounts for the fact that D 
differs from the average microscopic field. This can natur- 
ally lead to a discussion of the antiparallel correlation of 
E with B and of D with H which we have considered in 
Sec. 2.6. It should be made clear that the correlation of H 
with E is a convenient device of elementary instruction 
and of little physical significance, whereas the correlation 
of B with E is of fundamental importance. 


At this point the instructor can turn to the 
discussion of the experimental relation between 
M and H. Describe the behavior of paramagnetic 
and diamagnetic materials and introduce the 
hypothesis that in such materials the magnetiza- 
tion is everywhere proportional to the magnetic 
intensity H. Introduce the magnetic suscepti- 
bility xm and the relative magnetic permeability 
Km as parallels of the electrical susceptibility and 
the relative dielectric constant, respectively. 
(Cf. Sec. 2.4.) Show that in a magnetic fluid, 
where the measurements can be made, the energy 
principle and the law of electromagnetic induc- 
tion require that the current-magnetic-field force 
shall be BIL for a transverse field and not HIL 
(Gauss) or wofTZL (Giorgi). Explain that the 
effect of the permeability of the medium on the 
current-magnetic-field force is due to uncan- 
celled Amperian currents which appear in the 
medium at the surface of any current-carrying 
wire which passes through it and to forces origi- 
nating in the magnetostriction of the fluid. 

Discuss the atomic explanation of the differ- 
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ence in behavior of paramagnetic and diamag- 
netic materials. Then proceed to the more com- 
plex phenomena of ferromagnetism. Give an 
account of the magnetic properties of ferro- 
magnetic materials in terms of the magnetization 
curve and the hysteresis loop. Explain the exist- 
ence of permanent magnets in terms of hystere- 
sis. (See Appendix B.) Define permeability for 
the ferromagnetic case and point out that the 
chief use of the quantity is to simplify calcula- 
tions in which the magnetization curve, or a 
part of it, is regarded as a straight line, B=yH 
=pokmH, or B=Bo+uH, as a rough approxima- 
tion. Apply the theory to the magnetic circuit. 


3.3 Outline 11. The Amperian Approach 


3.31 The Electrostatic Field in Free Space.—On 
this subject there is no essential difference be- 
tween the present approach and the traditional 
approach described in Sec. 3.21. (Section 3.22 on 
dielectrics, also will be incorporated into this 
approach, but after the next few sections, which 
deal with forces between current-carrying wires 
in air.) 

3.32 The Measurement of Currents.—Call at- 
tention to the fact that all forces discussed thus 
far have been between static charges of elec- 
tricity, so that the laws stated have neither 
affirmed nor denied the possibility of other forces 
existing when electricity is flowing. As the sim- 
plest apparatus for showing such new forces, 
consider a pair of straight, parallel wires, of 
length much greater than the distance between 
them. Let one of them contain a readily movable 
segment (flexible, or with flexible links, or with 
mercury cups at its ends) on which forces may 
be demonstrated and perhaps measured. 

Before using any current, demonstrate the 
forces due to static charges on the wires, recall- 
ing the general law of mutual repulsion between 
like charges and attraction between unlike. 

Now introduce the idea, familiar to most stu- 
dents before the course began, that an electric 
current is a flow of something that is conserved. 
Use this idea to show that a simple U-turn con- 
nection will ensure opposite directions for cur- 
rents in these wires, whereas certain other con- 
nections will give ‘‘like’’ currents. Then demon- 
strate that “like’’ currents cause attraction and 
“unlike” currents cause repulsion, 
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Contrast this law with the law for charges, and 
forecast similar antiparallelism in other laws to be 
studied soon. 

In preparation for expressing this contrast 
algebraically, call attention to the need for a 
quantitative definition and measure of current. 
List a few effects which might be used as meas- 
ures, linear or nonlinear. The list may include 
heat, electrolysis, and perhaps other effects, in 
addition to the forces just observed. In any case, 
it should include the ability of a current to 
carry charge to or from a body. This property 
will have been observed by the class, both in 
sparks and in the conduction of charges from 
influence machines through wires to other bodies. 
Moreover, the atomicity of charge, shown by 
Millikan’s oil-drop experiment (Sec. 3.21), gives 
special importance to the measurement of cur- 
rent by the time-rate of transport of charge. 

Remind the class of the methods used in 
measuring the flow of water, gas, and heat. 
Define the strength of an electric current in 
harmony with the definitions of other currents 
as quantity of charge-per-unit-time transported 
across a section of the conductor in which the 
flow occurs. Note that in the case of steady flow 
in an unbranched circuit the current will be the 
same for all sections. Refer to the equivalence of 
the flow of positive charge in one direction and 
of negative charge in the opposite direction (see 
Sec. 3.24). 

Promise that any practical device adopted for 
measuring current will eventually be proved to 
conform to the foregoing definition. And re- 
member to keep this promise at an appropriate 
time, by checking the proportionality of some 
alternating currents, as measured electromag- 
netically, to the potential differences created by 
them in a condenser. Indeed, it may be well to 
suggest now, without mathematical details, how 
the promise will be kept.*® 


49 Ideally, of course, this suggests an absolute current 
balance and an absolute electrostatic voltmeter. Prac- 
tically, all but the most stubborn skeptics in any class 
will be convinced and enlightened by a demonstration with 
an ordinary ammeter and electrostatic voltmeter, known 
to be reasonably well calibrated. Even an ordinary volt- 
meter will do, if supported logically. So there is a wide 
range of choice. 

Incidentally, the constant of proportionality may be 
measured, at least roughly, by using a condenser whose 
capacitance is geometrically calculable. Naturally, such a 
capacitance is small. Even with a milliammeter, this 
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Note, also, the lack of any simple way to 
measure electrostatically a direct current as 
strong as the weakest current used in showing 
the forces between the parallel wires. Note that 
ordinary lamps and motors require currents of 
this order, and illustrate this requirement by in- 
troducing a bank of parallel lamps in series with 
the wires. Then propose the problem of deriving 
a measure of current from the forces on such 
wires. 

In discussing this problem, recall the mutual 
independence of electrostatic forces between ele- 
mentary particles, indicated by the product 
Q1Q2 in electrostatic force equations. Postulate, 
therefore, a similar independence of electro- 
magnetic forces between elementary particles, 
and a corresponding product J,J». Note that the 
law of conservation of charge requires direct 
currents in series to be equal; and draw the con- 
clusion—subject to the above promise of veri- 
fication—that with a series connection the force 
on the movable wire is proportional to the square 
of the current. 

Now define the ampere as the current which 
can cause just 210-7 newton per meter of 
length in either of two infinitely long wires, con- 
nected in series but geometrically parallel, just 
one meter apart. 

Note that the number 2X10-7 resulted his- 
torically from a round-about definition now 
superseded. Note also that Ampere himself dis- 
covered laws (see Sec. 3.34) through which we 
can calculate relations between forces on wires 
in different configurations; so we can make 
standardizing apparatus much smaller and 
handier, and more accurate in practice, than 
these wires many meters long. 

As a first example under Ampere’s laws, recall 
the two allusions to the ‘“‘meter”’ in the definition 
of the ampere, and note that if we had said 
‘‘cm’’ in each case, or even “inch,’’ we should 
still have said “210-7 newton.”’ This fact 
brings the design of a current balance, accurate 


measurement requires either a high frequency or a high 
voltage. Which to use may be a question of taste or avail- 
ability. With a small x-ray transformer the measurement 
is easy at 60 cycles. A square meter of glass, 1 cm thick, 
with tinfoil, will serve as the condenser. An ordinary volt- 
meter is a good milliammeter. A spark gap between spheres 
is a voltmeter whose electrostatic nature is spectacularly 
obvious—too obviously spectacular unless precautions are 
taken to protect the milliammeter. 
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enough to be convincing, within reach of an ele- 
mentary class.*° 

This fact also gives the algebraic form of the 
force law for such wires; so it enables us now to 
formulate the contrast between their electrostatic 
and electromagnetic forces in the antiparallel equa- 
tions given in Sec. 2.6 as Eqs. (2-33) and (2-34). 

Describe next the Kelvin current balance, 
stating that its relation to the straight wires has 
been. calculated through Ampere’s laws—not 
asking freshmen to follow the calculation. How 
far to go into detail on this and more modern 
current balances is a question of taste; the main 
point which the student should learn is that 
with sufficient mathematical and technical skill 
the ampere can be reproduced accurately enough 
to give really concrete meanings to equations 
about currents. 

Next, note the possibility of experimentally 
calibrating a current balance for which the cal- 
culation is too difficult, by running it in series 
with a calculable one. Then describe the electro- 
dynamometer type of balance, most often used 
in wattmeters and a.c. voltmeters. 

Finally, on ammeters, note the existence of 
other types. Give some description of them, ac- 
cording to taste and available time; and empha- 
size the dependence of most of the common, 
portable ammeters on experimental calibrations, 
leading back ultimately to some calculable cur- 
rent balance and the definition of the ampere. 

3.33 D.C. Circuits.—At this point we are free 
to choose between at least three programs, ac- 
cording to taste or circumstances, such as the 
needs of the laboratory. We may go on with the 
discussion of forces; we may consider electro- 


5° For proof of this statement we may cite the experi- 
ence of R. D. Richtmyer and W. W. Hansen, who de- 
scribed an excellent current balance of this sort in the 
American Physics Teacher 7, 52 (1939). In this balance the 
movable wire is hung from a chemical balance. It is hori- 
zontal and is surrounded by four parallel fixed wires, so 
spaced and connected as to. make the field as uniform as 
possible near the movable wire. A lecture-room current 
balance may be made with only three wires, all on a hori- 
zontal plane. In one well-tested balance of this sort, the 
outer wires are 3 cm apart, and the middle wire has a 
movable section 10 cm long, hung from 15-cm threads, 
with its ends dipping into mercury cups 1.5 cm in diameter. 
Essential parts are projected optically, and the magnifica- 
tion is computed from the distance between the images of 
the outer wires. Unless the mercury is very clean its surface 
scum (even if invisible) necessitates tapping the base 
board, to free the movable wire. This may limit the ac- 
curacy toa few percent, but the simplicity of this apparatus 
makes it demonstrate the principle very clearly. 
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static and magnetic fields in material media; 
or we may take up the theory of d.c. circuits. 

For d.c. circuits, either now or later, this 
approach includes most of Sec. 3.24 of the tradi- 
tional approach, entitled ‘‘Electric Currents.”’ 
Some topics in that section, to be sure, have 
been covered already in this approach ; and some 
others should be postponed until after discus- 
sions of fields in material media; but many can 
come now. 

Among these are the following: 


(1) Heating effect and its relation to 
current; 

(2) The importance of potential differ- 
ences, overshadowing though not eliminat- 
ing that of field strength; 

(3) The fact that when a conductor carries 
a current it is no longer equipotential, and 
the electrostatic field is no longer normal to 
its surface; 

(4) Electrolysis and Faraday’s law; 

(5) Chemical electromotive forces, and 
the reasons for distinguishing them clearly 
from potential differences ; 

(6) Ohm’s law for conductors not contain- 
ing emf’s, with a warning that the law does 
not apply to gases and that there are emf’s 
other than chemical ; 

(7) The relation of the terminal potential 
difference of a battery to its emf and current, 
and Ohm’s law for a whole circuit; 

(8) The custom of connecting household 
appliances in parallel, and the reason for it; 

(9) Resistances in parallel and in series; 

(10) Perhaps even Kirchhoff’s laws, 
though it may be better to postpone them. 


3.34 The Magnetic Fields of Steady Currents.— 
Recalling the force laws for straight, parallel 
wires, raise the question of forces between other 
circuits. Have a large circular coil on the lecture 
table, mounted with its plane vertical. (A coil 
used habitually by the writer of this outline has 
a diameter of 1 foot and a cross section of 1 
square inch, with enough turns to permit the 
use of 120 volts d.c. for a few minutes at a time.) 
Have a piece of flexible wire on a handy frame, 
liké a violin bow with loose strands, except for 
appropriate insulation ; and have connections for 
sending plenty of current through the flexible 
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wire. Hold this bow so that the flexible wire is 
in the plane of the coil, in various places and 
orientations, and show how the law about 
parallel wires offers suggestions about the direc- 
tions of the forces which will move the flexible 
wire when both currents are turned on. Then 
verify these suggestions. 

(The writer uses d.c. with separate switches; 
and he ballasts the flexible wire with a bank of 
tungsten lamps, to make it jump vigorously 
when its current is turned on with the lamps 
cool. But if d.c. is not available, a.c. will do, 
provided the flexible wire is connected in series 
with the coil, to keep their currents in phase.) 

Next, hold the bow so that the midpoint of 
the flexible wire is at the center of the coil, and 
alter its direction to show the changes in the 
magnitude of the force as well as the force- 
reversal which accompanies a reversal of the 
current. Show that there is only one line through 
this point, along which the flexible wire can lie 
without experiencing any force. Define the direc- 
tion of the magnetic field here as that of this 
line, looking along it in the sense which makes 
the current in the coil clockwise. 

To explore further, replace the flexible wire 
with a small coil, painted yellow on one face 
and blue on the other, with current fed to it 
through a good, flexible lampcord. Carrying it 
by this lampcord, hang it in the center of the 
large coil, use the law about parallel currents to 
predict its ability to identify the direction of the 
field ; then verify this prediction. 

Now move the small coil while the currents 
are on, showing the continuity of its identifica- 
tion of direction. Under its guidance, make a 
rough map of the lines of the field. Show that 
these lines are closed loops. Contrast this char- 
acteristic with the plus-to-minus, never-looped 
characteristic of electrostatic lines. 

Make the map more complete and accurate 
by laying a flat, white, horizontal platform 
through the center of the coil and sprinkling it 
with iron filings. In this plan of teaching, this 
use of iron filings is frankly empirical. 

With filings and the small coil, explore the 
fields of some other circuits: perhaps a square 
coil; a straight solenoid, in the form of a helix 
of thick wire with turns far enough apart to 
show the map within, or even to let the coil slip 


between them; perhaps also, a ring solenoid of 
similar construction; and so on. In all cases, 
note the closed-loop characteristic of the lines, 
contrast this with the plus-to-minus characteris- 
tic of electrostatic lines, and record this contrast 
as a second example of the antiparallelism of 
the systems of laws. 

Measurement of Magnetic Fields—The dif- 
ferences in strength of field from place to place 
appeared qualitatively with the exploring: coil. 
To make these differences quantitative define the 
magnetic induction B in free space either in 
terms of the torque on a standard exploring coil, 
held perpendicular to the plane it likes best, or 
better, through the equation 


(Giorgi) F=LIB sin(1,B), 
or possibly 


(3-11) 


F=LIxB. 


If using Gaussian units, introduce the name as 
an abbreviation for the combination ‘‘dyne/cm 
abamp.”’ If using mksc, on the other hand, there 
is no gain in changing at this point from ‘‘new- 
ton/meter ampere’”’ to ‘“‘weber/square meter.” 

Field Strengths near Circuits.—From this defi- 
nition of B and the force law for parallel wires, 
deduce the equation for B near a long, straight 
wire. 

Note the inverse proportionality of this B, at 
different points, to the circumferences of the 
lines of B through these points; then extend this 
inverse proportionality law, modified to apply 
to line-average values of B, to lines linked with 
other circuits. Demonstrate it qualitatively by 
differences in the liveliness of the small coil. 

Demonstrate, also, that wherever lines of B 
diverge, B gets weaker. Recall the similar law 
for E. Then state the law for B quantitatively 
like that for E in free space; but note also the 
contrast, that for B there is never any net flux 
through any closed surface. 

Apply this law also to the ring solenoid, de- 
riving the equation for its B. Then note that the 
infinitely long, straight solenoid can be re- 
garded as the limit approached by one side of a 
ring solenoid which has become infinite in the 
proper way. In this way find the equation for B 
in the straight solenoid. 

Note that the force on a wire lying inside the 
solenoid could not be calculated directly from 
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the law about long, straight, parallel wires; that 
indeed the extensions of field laws just outlined 
have really been extensions, even though each 
step was suggested by something previously 
known. 


To complete the theory, therefore, state the law (for 
currents in free space) 


pai gf BXh. 

c r 

patel eax, 
4a re 


noting, of course, that it is one of several mathematically 
equivalent forms of Ampere’s laws (see Sec. 3.32). Illus- 
trate it with the field on the axis of the circular coil. If 
using calculus, check it by calculating the fields of the 
straight wire and the solenoid; or in any case, show that 
it looks reasonable in relation to these known fields. 


(Gauss) 





(3-12a) 


(Giorgi) 





(3-12b) 


Finally, note and demonstrate briefly that 
the introduction of any large piece of iron 
causes great changes in a magnetic field; but 
postpone further discussion of these effects until 
after that of the corresponding effects in electro- 
statics. 

3.35 Polarizable Media.—(a). The Electrostatic 
Field in Material Media. On this subject, see 
Sec. 3.22. 

(b). The Effects of Iron on Magnetic Fields.— 
Section 3.22 ends with the students’ minds on 
molecules, so it may be well to keep them there 
in starting the discussion of iron. Static charges 
confined within molecules enabled us to explain 
all E’s on one basis, without recourse to any 
modification of the law of force, like the old 
‘‘weakening of the ether.”’ So currents, similarly 
confined, enable us to unify all B’s. 

Bring in some of the history of the concept of 
Amperian currents. Tell how Barnett and others 
found angular momentum associated with mag- 
netism. Note the unexpected value of the ratio 
of angular momentum to magnetic moment and 
indicate its interpretation in terms of electron 
spin. But warn students that later developments 
preclude any literal acceptance of the picture 
of a spinning sphere of charge. 

Summarize the theory by the statement that 
pieces of iron and other ferromagnetic and para- 
magnetic materials affect fields in adjacent parts 
of free space as if their atoms contained circuits 
behaving like a coil carrying a current. 
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To test the theory on the lecture table, try 
first a permanent bar magnet. Note that the 
alignment of its Amperian circuits should make 
it equivalent to a solenoid ; and with iron filings, 
show the similarity of their external fields. Note 
also that in the field of the big coil the bar should 
orient itself just like the exploring coil; then 
show that it does. 

For the theory of electromagnets, recall the 
fundamental place in the theory of dielectrics, 
taken by the infinite parallel-plate condenser, 
and introduce as its magnetic counterpart the 
infinite straight solenoid. Recall how and why 
the polarization charge on each surface of a di- 
electric plate was opposite in sign to the adjacent 
conduction charge. In contrast, show that if 
individual Amperian circuits behave like the 
exploring coil, the introduction of an iron core 
into the solenoid will result in the formation of a 
net polarization current in the surface of the 
core in the same direction as_the adjacent con- 
duction current. 

Show similar magnetic effects for a variety of 
cases. Note that whenever the space within a 
coil is fairly well filled with iron, the iron is 
practically equivalent to an Amperian current 
running alongside the conduction current. Well 
magnetized iron is equivalent to about a million 
ampere-turns per meter. 

This rule greatly facilitates qualitative reason- 
ing about field, by enabling us to deal with a 
single field-producing agent instead of two. 

3.36 Mechanical Forces with Iron.—lllustrat- 
ing further the convenience of this way of looking 
at iron, show the parts of a few motors (of almost 
any modern kind). Note how thoroughly the 

51 For a test, have a suitable condenser and solenoid on 
the lecture table. The condenser plates are best mounted 
in vertical planes, a few centimeters apart, on good in- 
sulators. Connect them to an electrostatic voltmeter (say 
a 3000-volt Braun, or an electroscope on the projection 
lantern) and charge them so as to get a high reading. 
Make sure the insulation is good enough to keep the volt- 
meter reading from decreasing too fast after the source of 
charges is disconnected. Now, without touching the con- 
denser plates, insert a heavy glass plate between them, 
noting the quick drop in potential difference; then with- 
draw the glass, noting the rise. Then make a corresponding 
test with the solenoid. Hang the little exploring coil reason- 
ably near one end of it, to indicate changes in its external 
field strength. While the currents are on, insert the iron 
core and withdraw it. Contrast the rise in magnetic field 
strength caused by the iron with the drop in electric field 
strength caused by the glass. (The electrostatic part of 


this test is Experiment E-70 in Sutton’s Demonstration Ex- 
periments in Physics (McGraw-Hill, 1938). 
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iron fills most of the space enclosed by the con- 
duction circuits. Note especially that the moving 
conductors which come nearest to stationary 
conductors are embedded in slots in the iron ; and 
in many motors these stationary conductors are 
likewise embedded. 

Moreover the conductors of these two groups 
are usually parallel. This brings the main part 
of the driving force qualitatively under the 
simple rule for parallel wires, with each wire 
vastly reinforced by the Amperian circuits along- 
side it. 

Lifting magnets also show the use of such re- 
inforcement of currents; and the things lifted 
by them illustrate the alignment of Amperian 
circuits, still like the exploring coil, but not so 
well surrounded by conduction currents or other 
Amperian currents already aligned. 


Quantitative calculations on such forces are rare in 
elementary courses, but the following problem deserves 
attention, at least in a second course. This is the problem 
of flat surfaces of iron in contact. Calculus is needed here, 
whether we think in terms of currents or poles, unless we 
use the Faraday-Maxwell stresses. We need even more 
calculus to prove that the stresses give correct results, 
in general; but this may be a good case with which to in- 
troduce them if we want to. 

Without them, the comparison of pole surfaces to con- 
denser plates is more obvious to us teachers, who were 
brought up on poles, than its equivalent in Amperian cur- 
rents. However, a pair of similar longitudinally magnetized 
rods with flat ends is equivalent to a pair of solenoids. The 
force acting on solenoid 1 depends on its current and the 
field due to solenoid 2. All the lines of this field Bz that 
enter the end of solenoid 1 must leave it through its sides, 
if it is long enough for an analysis in terms of poles to 
neglect its other pole. And if moZ2=mJ,, half the flux 
through the surface of contact is that of Bz. So the calcula- 
tion is easy after all. 


3.37 Fields in Iron.—The fundamental prob- 
lem of defining B and H for interior points of 
ferromagnetic materials was considered in Sec. 
3.25, but from a different approach. Introduce 
the subject by defining B theoretically for in- 
terior points of a magnetic medium as a vector 
quantity computed from the total distribution 
of conduction currents and uncancelled Amperian 
currents exactly as B is computed in free space, 
i.e., in accordance with Eq. (3-10). 

Following the procedure used in electrostatics, 
turn next to the magnetic polarization M, de- 
fined as the resultant vector moment-per-unit- 


volume due to the Amperian currents. For sim- 
plicity it may be well to base the discussion on 
the idealized case of a cylindrical bar uniformly 
polarized along the axis, being sure to indicate 
later the need for generalization of the con- 
clusions. In this special case the uncancelled 
Amperian currents are obviously confined to the 
lateral surface and the current flowing around a 
slice of thickness dZ and area S perpendicular to 
the axis is given by the formula for the magnetic 
moment of a plane current loop, in Giorgi- 
Sommerfeld units I%=JS. Hence the surface 


density of the current dJ/dL is Giorgi-Sommer- 


feld) 


(3-13c) 


Introduce H by Eq. (2-44), which in the Som- 
merfeld units takes the form H=mB—M. This 
equation shows that outside the magnet H is 
identical with B except for the constant factor 
no, Whereas within an electromagnet the term 
—M makes H much weaker than 7B, and within 
a permanent magnet not aligned by an external 
field this term usually gives H a direction more 
or less opposite to that of B. In the case of a 
permanent magnet that is not subject to ex- 
ternal fields due to currents, the lines of the 
vector H lead from one end of the bar to the 
other, both inside and outside the magnet. This 
characteristic is like that of the lines of E, that 
lead from positive charges to negative, and sug- 
gests the possibility of computing H from dis- 
tributions of positive and negative pole-strength 
at the two ends, just as we could compute E 
from distributions of positive and negative 


-charge. Identify the product of the pole-strength 


of a permanent magnet and the distance be- 
tween the poles with its total magnetic moment. 
Then note the existence of a rigorous method of 
computing H when M is given from poles created 
by the termination of the lines of M..Finally, 
call attention to the fact that in the case of an 
infinite solenoid with an iron core, or a ring 
solenoid with a core, the absence of poles means 
that H reduces to the contribution of the con- 
duction currents alone, independent of the 
magnetization. 

Consider next the experimental methods of 
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determining B and H, which must, of course, 
agree with the calculated B and H wherever 
comparison is possible. In free space an exploring 
coil measures either B or H; but in magnetizable 
fluids it measures B. This is true whether we 
calculate the field from the mechanical torque 
on a coil at rest, as described heretofore, or from 
an electromotive impulse when it is flipped. The 
electromotive force law is, of course, available 
to give us average values of B even in the in- 
terior of iron or steel specimens. The discussion 
of this law can follow the lines laid down in 
Sec. 3.24 and might well be taken up before the 
discussion of magnetic materials. 


It is of interest that the B measured by the torque or 
flip-coil methods in a magnetic fluid is the external B’ of 
Eqs. (2-21) to (2-23), even if the coil is made of iron wire. 
The fact that the electromotive impulse measures this B 
is unquestionable. And the principle of the conservation 
of energy demands that both forces measure the same B. 
So it is not surprising that a reasonable use of the concept 
of Amperian currents gives a clear explanation of the 
mechanical force of Eq. (3-11) even when the surrounding 
medium, or the wire, or both, are magnetizable. Nor is it 
surprising that in this explanation the force density within 
the wire may be considered to be JXB, where J is the 
current density and B is the B inside the wire. 

It does not seem profitable to go into details on these 
forces for elementary students, because after all, mag- 
netizable fluids are too weakly magnetizable to hold the 
attention of an elementary class much longer than it takes 
to play with liquid oxygen and a pointed electromagnet— 
even for this time the students are not attracted by the 
magnet as much as by that spectacular liquid. Advanced 
students, however, seem well interested in the analysis of 
these forces and in the related problem of the unipolar 
motor, despite the fact that the latter looks much farther 
from engineering practice than it did thirty years ago. 
When electrons flow through a bar magnet, from a slip- 
ring around its waist to a contact point in the middle of 
one end, the torque is calculable from a force-density 
J XB, regardless of whether H is even in the same direc- 


tion as B. Thereby hangs a tale—well told by Zeleny and 
Page. 


On magnetization curves and the phenomena 
represented by them there is little to be said 
here. To be sure, we have to explain as historical 
the custom of using H, rather than B, as the 
independent variable; but its relation to the 
infinite solenoid makes it empirically inde- 


52 See J. A. Stratton, /.c., p. 158, Eq. 13. 
83 J. Zeleny and L. Page, Physical Rev. 24, 544 (1924). 


This does not mean that these phenomena prove Ampere’s 
theory. 


COULOMB’S LAW COMMITTEE 









83 





pendent there, and in the ring solenoid on which 
most magnetization curves are based. 

Mention paramagnetism and diamagnetism 
giving due emphasis to the smallness of their 
susceptibilities and to their lack of practical 
importance. Explain their basic theory quali- 
tatively, and note that diamagnetism would be 
very hard to account for except as an effect of 


induced emf’s on what are essentially Amperian 
circuits. 


Appendix A: Derivation of Formulas for the 
Total Force and Torque of Electrical Origin 
Acting on a Charged Body Immersed in a 
Fluid Dielectric and Subject to an External 
Electric Field (Cf. Note 13) 


Consider the general case of a body X im- 
mersed in a Class A dielectric and carrying arbi- 
trary distributions of polarization charge and 
conduction charge. It is not necessary that X 
be homogeneous or linear (in the sense that the 
polarization is proportional to the electric in- 
tensity). Part of the polarization may be per- 
manent. To prove the validity of Eq. (2-11) 
we set up a modified problem involving a body 
X* similar in size and shape to X and subjected 
to the same external electric field. Body X* is to 
have a uniform dielectric constant equal to 
(x.)a and a distribution of conduction charge 
p-* so contrived that the total charge density 

=(p.*+p,*) is equal to the total charge 
density p; in the original problem of the body X. 
Then p.* = (k.)ap:* = (ke) apt. Since the electrical 
intensity E depends solely on the external and 
internal distributions of total charge density, it 
will be the same in the modified problem as in 
the original one. To compute the total force F.* 
for the modified problem we make use of Eq. 
(2-10) in which the term in gradx, now drops 
out. Then 


FF = Ep.*dr = f Ep:* (ke) adr 
= z 


nitude f Epdr. (Aca) 
x 


(This result can be established independently of 
Eq. (2-10) by reference to the fundamental 
theorem regarding the energy of a distribution 
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Fic. B1. Theorem of Gauss applied to bar magnet. 


of conduction charge in an infinite Class A di- 
electric.) Because the total charge density and 
the electric intensity E are the same in X and X*, 
and because the conditions throughout the fluid 
are unchanged as we pass from one problem to the 
other, it is evident that both the purely electric 
and the electrostrictive contributions to the total 
force must be the same for the modified problem 
as for the original problem. Hence F,* is the same 
as F, and Eq. (2-11) follows directly from 
Eq. (A-a). 

It is easy to carry through a similar argument 
showing that the torque acting on X due to 
purely electric and electrostrictive forces is the 
same as the corresponding torque for X*. Hence 
we obtain a torque equation analogous to Eq. 
(2-11) and applicable to any body X immersed 
in a Class A fluid dielectric, viz., 


L.= («:)a f rxEpadr. (A-b) 
x 


We can proceed in reverse direction to derive 
Eq. (2-10) from Eq. (2-11) by the following 
direct transformation, if we introduce the re- 
striction that the material in X is everywhere 
linear and isotropic, though inhomogeneous, so 
that the relation D=x,E holds with x, a scalar 
function of the coordinates independent of E. 
In this derivation the indicated surface integrals 
are to be extended over a surface S immediately 
adjacent to the surface of X, but inside the sur- 
rounding fluid. Then, using Gaussian units 


(Ke) A 
F,.= V-E Edr = 
= f (V-E) 


4g 
(n-E)EdS— (E- V)Edr|. (A-c) 


4 


x 


1 1 
fe-vpar=— f vumdr=; famus. 


But 
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Hence 


F,= ~ fo D)E—4n(D-E) dS 
* = s - ™ | 


1 
=— [U(V-D)E+(D-1)E—40(D-E) Mur 
An x 


1 
= f oBar+— f[2(D-1)E 
Xx 8r xX 


—V(D-E) ]dr. (A-d) 


If D=x,E, the integrand of the second integral 
in Eq. (A-d) reduces to 


2«x-(E-V)E—V(«,.E?) = —E°’VK,.  (A-e) 


Thus Eq. (A-d) is transformed into Eq. (2-10). 


Appendix B: The Behavior of Permanent Mag- 
nets in a Magnetic Fluid (Cf. p. 77) 


The purpose of this appendix is to investigate 
the relation between the point-pole approxima- 
tion and the behavior of real magnets with par- 
ticular regard to the fields generated when im- 
mersed in a Class A magnetic fluid. 

Let us consider an isolated magnet which is 
geometrically and physically symmetric with 
respect to each of three planes through its center ; 
these we take to be the coordinate planes. We 
suppose that the magnetic treatment guarantees 
a corresponding symmetry of the magnetic state, 
with the magnetic moment along the positive 
z axis (cf. Fig. B1). Let the magnet be sur- 
rounded either by an infinite Class A magnetic 
fluid of susceptibility x, and relative permea- 
bility xm, or by free space; the formulas for 
the latter case follow from those of the former 
by setting xm =0, km=1. 

The magnetization M of the magnetic ma- 
terial contributes a volume pole-density —divM 
within the magnet and a surface density M, on 
its surface. If there is a surrounding fluid, it 
contributes an additional surface pole-density 
—xmlH,,+, where H,* is evaluated just outside 
the magnet surface. For xn>0 the poles act as 
if their effectiveness had been reduced by the 
surrounding fluid; but the ratio in which the 
effectiveness is reduced is not, in general, given 


by as simple an expression as the factor 1/k» of 
Eq. (2-15). 
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In order to investigate the effect of immersion 
on the effective or total pole-strength p,, we may 
start from the theorem of Gauss. Referring to 
Fig. Bi we identify So with the middle cross 
section of the magnet and S,; with a surface 
outside the magnet which, together with So, 
encloses the right half of the magnet. Then 


(Gauss) Arp, (B-1a) 


(Giorgi-Kennelly) 


1 
—p -{ H,dS. (B-1b) 
Ko Sots 


(Giorgi-Sommerfeld) p, (B-1c) 
In the integral over S,, H, may be replaced by 
B,»/km (Gauss) or By/pokm (Giorgi). With the 
integral in this form the surface S; may be 
allowed (because of the solenoidal character of 
B) to collapse until it coincides with So. The 
right-hand member of Eq. (B—1) can then be writ- 
ten® as So(B/km— A) (Gauss) or So( B/pokm— HA) 
(Giorgi) where the bars indicate average values 
on So. Replacement of B by its value in terms 
of H and M gives 


(Gauss or Giorgi-Sommerfeld) 


So(M —xmH)/km (B-2a, c) 


= pr. 


(Giorgi-Kennelly) 


So(M — woxmll) / km) (B-2b) 


In a vacuum Eq. (B-2) reduces to 

po=SoMo, (B-3) 
so that the pole-strength is determined by the 
mean magnetization in the middle cross section. 
In a fluid only a part SoM of the pole strength 
is contributed by the magnet material; the rest 
is contributed by the fluid. 

If the magnet is supposed replaced by point 
poles of strengths p; and —p;, at the positive 
and negative centroids, C and C’, whose position 
vectors R and —R are defined by 


2Rpi= f rdp=2 f rdp1, 
z>0 


(B-4) 


the correct moment is, of course, obtained. This 


5t In this appendix the mean values of the s components 
of B, H, and M over So recur frequently. The subscript z 
is in such cases omitted as unnecessary. Thus we replace 
Bz by B. 
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procedure gives the correct field at large dis- 
tances and the correct torque (cf. Eq. (2—22)) 
exerted on the magnet in a uniform external 
field. However, these quantities can be computed 
even more simply by replacing the magnet by a 
point dipole. At intermediate distances the value 
of the point pole approximation depends on the 
shape of the magnet. If the magnet is nearly 
spherical, the dipole gives a better approximation 
to the field than the pair of point poles; for the 
external field of a uniformly magnetized sphere 
is rigorously that of a dipole at the center, al- 
though the distance between the polar centroids 
is 4/3 of the radius. For an elongated magnet 
the point pole approximation becomes more 
useful. 

In discussing the special case of an elongated 
magnet it is convenient to introduce a scalar 
magnetic potential V defined, except for a con- 
stant factor dependent on the units, as fdp;/r. 
Then H is —gradV. The contribution to the 
integral from the right half of the magnet may 
be expanded as a series of descending spherical 
harmonics by expanding 1/r in powers of the 
coordinates with respect to the positive centroid 
C; the series converges outside a sphere 5S’ 
enclosing the right half of the magnet. The lead- 
ing term is p:/r1, where r; is the distance of the 
field point from C, and the dipole term in 1/r;° 
is zero because of the relation (B-4). A similar 
expansion holds for the left half; and at points 
outside both spheres, and far enough away so 
that the quadrupole terms in the series are 
negligible, the two point poles give a good 
approximation to the field of the magnet, though 
the dipole approximation may be quite un- 
reliable. 

The immersion of a ‘‘permanent”’ magnet in a 
magnetic fluid changes the effective pole strength 
and also alters the positions of the pole centroids. 
If the magnet is long, and if the susceptibility 
of the fluid is not too large, however, the dis- 
placement of the centroids may be neglected. 
The problem of evaluating the change in the ex- 
ternal field of a magnet in the point pole approxi- 
mation due to immersion is therefore reduced to 
a determination of p;:/po based on Eq. (B-2). 

To derive a general expression for the ratio 
of the two pole-strengths it is convenient to 
introduce the “‘ballistic demagnetizing factor.” 
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For a magnet in free space it is customary to 
define this factor, No, by the equation Ho 
= —N Mp. The factor No is then determined by 
the geometry of the magnet and the relative 
pole distribution. It changes only when the dis- 
tribution of the total pole strength changes. 
For our magnet in free space it follows from 
Eq. (B-3) that SoHo= —Nopo. Since H in Eq. 
(B-—2) is proportional to p; as long as the relative 
distribution remains unchanged, the generaliza- 
tion of the definition of No for an immersed mag- 
net is evidently SoH = —Np,. Instead of N one 
can also introduce a dimensionless demagnetiz- 
ing factor D independent of units and defined by 


(Gauss) —4nrDp.) (B-Sa) 
1 _ 

(Giorgi-Kennelly) ——Dp,+=SoH. (B-5b) 
Ko 

(Giorgi-Sommerfeld) —Dp,J (B-5c) 


The factor D is, in fact, the quantity usually 
tabulated. The value of Do in free space is de- 
fined by the same equations with H and ?; re- 
placed by Ho and po. In general, the two D’s 
will be slightly different, since the poles cannot 
be expected to have exactly the same distribu- 
tion before and after immersion in the fluid. 

If we eliminate H from Eqs. (B-2) by (B-5) 
and express the susceptibility in terms of km, we 
obtain, independent of our choice of unit sys- 
tems, the equation 

SoM 


e™ . (B-6) 
‘ Km — D(km—1) 








lf we make the special assumption that the 
magnet is ideally hard, we may set SoM =SoM_ 
= po to obtain 

Pr 1 


Po km—D(Km—1) 





(B-7) 


As a first approximation valid only for large 
dimension ratio (length/diameter) and good 
permanent magnet materials®> we may use the 
point pole approximation to evaluate H in Eq. 
(B-5). Using Gaussian units and remembering 

55 Experimental curves on the flux distribution in cylin- 
drical rods by Bozorth and Chapin (J. Applied Physics 13, 


320-326 (1942)) show that for soft materials at low fields 
the approximation under consideration is inadmissible. 


COULOMB’S LAW COMMITTEE 


that both poles contribute to H at the mid- 
section, we set H equal to —2p,/R®. It follows 
that in these units SoH is equal to —2pw, 
where w is the solid angle subtended at the 
centroid C by the midsection. The corresponding 
value of D (independent of units) is w/2z. This 
formula gives admittedly inaccurate results 
when applied to an ellipsoid or to a cylinder of 
magnetically soft material,®°® but for long per- 
manent magnets of good materials should be 
sufficiently accurate for our purpose. If the 
dimension ratio is 50, for example, and the 
centroid is at 0.9 of the distance from the middle 
to the end of the magnet, D is 2.510‘. In this 
case Eq. (B-7) indicates that the 1/km ap- 
proximation for p:/Po is a good one. 

In the case of a homogeneous, isotropic ellip- 
soidal magnet magnetized uniformly along a 
principal axis Oz, the demagnetizing field is uni- 
form throughout the. interior and opposite to 
the magnetization. If an ellipsoidal magnet is 
magnetized in a uniform applied field, the mag- 
netization and the demagnetizing field will be 
uniform for all values of magnetization. There 
are only surface poles, of density M cos(n,z), and 
if the magnet is surrounded by a Class A fluid, 
the poles induced on the surface distribute them- 
selves according to the same law. In this case, 
therefore, D is independent of «x». Numerical 
values of D for different dimension ratios have 
been tabulated quite thoroughly. They vary be- 
tween zero (for an infinitely long circular or ellip- 
tic cylinder magnetized longitudinally) and unity 
(for an infinite plane magnetized transversely). 
Formulas previously given by Page®® for sphe- 
roids and by Wilberforce®® for the sphere (D = $) 
may be derived from Eq. (B-7) by inserting the 
appropriate explicit formula for D. 

Although these formulas already illustrate the 
failure of the 1/x, ratio for p:/po (and therefore, 
in this case, for the ratio of the external H after 
to that before immersion), they are not complete ; 
for they take no account of the actual properties 
of permanent magnet materials. 


56 For curves showing D for rods as a function of dimen- 
sion ratio and permeability, see Bozorth and Chapin, op. cit. 

57 J. A. Osborn, Physical Rev. 67, 351 (1945); E. C. 
Stoner, Phil. Mag. 36, 803 (1945). 

58. Page, Physical Rev. 44, 112 (1933). 

59 L. R. Wilberforce, Proc. Physical Soc. London 45, 82 
(1933). 
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The production of a stable state of permanent 
magnetization requires two steps, initial mag- 
netization by a strong positive field and subse- 
quent stabilization by a relatively weak negative 
field.*° Upon removal of the strong field, the 
point in Fig. B2 that represents the magnetic 
state traverses the descending magnetization 
curve SABCD as far as B, where H=—NoMy; 
for an ellipsoid this is the intersection of SABCD 
with a straight line OBQ of slope —1/Npo. Appli- 
cation and removal of a field now takes the 
representative point around a cycle such as 
BGB if the field is positive but along a path 
such as BCP if it is negative. The magnet must 
therefore be stabilized by subjecting it to a 
negative field larger than any expected in service. 
If the stabilization process is represented by 
BCP, subsequent applications of fields no larger 
than that used in the stabilization cause traversal 
of thin loops such as PECP. The behavior is 
almost reversible and is represented approxi- 
mately by a straight line CE. If the magnetiza- 
tion at P is Mo, then for a small change AH 
of magnetizing force (due either to application 
of a field or to introduction of other magnetic 
matter into the vicinity) we may define a dif- 
ferential susceptibility xm’ of the magnet by 


(Gauss or Giorgi-Sommerfeld) 


M = Mo+xm'ASH , (B-8a, c) 
(Giorgi-Kennelly) 
M = Mo+ LoXm’ AH ; (B-8b) 


and although xm’ is then strictly a variable that 
depends on AF and on the history after stabiliza- 
tion, to a good approximation it may be treated 
as a constant and identified with the “reversible 
susceptibility” at C or P. The reversible per- 
meability km’ corresponding to susceptibility 
xm has values, for modern permanent magnet 
materials, which range from 4 to 12. Thus km’ 
is small by ferromagnetic standards, but it is 
still large in comparison with the value for any 
Class A liquid; in the present calculation, there- 
fore, it must not be neglected. 


60See T. Spooner, Properties and testing of magnetic 
materials (McGraw-Hill, ed. 1, 1927), Chapts. 2, 5, and 6; 
especially pp. 11, 59-62, 69-70. See also R. M. Bozorth, 
Rev. Mod. Physics 19, 29 (1947). 
81 V. E. Legg, Bell System Tech. J. 18, 438 (1939). 
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Fic. B2. The magnetization of a permanent magnet. 


We may now calculate the ratio p:/p» by the 
method indicated before, except that instead 
of equating M to My we give it the value indi- 


cated in Eq. (B-8). The result for all three unit 
systems is 


pr os 1+Do(km’—1) 


———————_. (B-9) 
Po Km +D(km’ — ial 


In consequence of our method of defining Do, 
D, and km’, Eq. (B-9) is rigorous ; approximations 
are introduced only when x,’ is replaced by a 
constant and D and Dy by estimated numerical 
values. The error involved in the first of these 
approximations is negligible for our purposes; 
but D and Dy can be calculated rigorously only 
for an ellipsoid. The effect of the magnet perme- 
ability «»’ vanishes when D=0 (very long 
needle-ellipsoid) and when D=1 (thin disk ellip- 
soid magnetized transversely). The ratio p:/po 
is 1/km for the former case and one for the latter ; 
these two results are valid in the limit even if 
the magnet is not ellipsoidal, since the limiting 
values of D for the infinite cylinder and for the 
plane plate hold regardless of the manner of 
approach to the limiting shape. For other di- 
mension ratios the pole strength ratio p:/po is 
intermediate between the values 1/xm for a 
needle and one for a disk. 

In the case of an ellipsoid of dimension ratio 
50, D and Dy have the common value 0.001443. 
Typically, km’ can be set equal to 11 for a hard 
magnetic material; and for a magnetic fluid xk» 
will never differ much from unity. The terms 
containing D in Eq. (B-9) are small compared 
with unity and very nearly equal. It is immedi- 
ately evident that under these conditions the 
approximation p:/po=1/km is a good one. 





For a long magnet of other shape we may use 
the previous approximation w/2z as an estimate 
of D. For the particular case of dimension ratio 
50 the numerical estimate is 2.5X10-*. Since 
Km — 1 is of the order of 5 X 10-* for liquid oxygen, 
we need not consider cases in which xk_—1 is 
greater than 0.01. The smallness of D, Do, and 
km—1 then permits us to rewrite Eq. (B-9) for 
the specific class of cases under consideration as 


Pt 1 Km’ —1 
= ——|1-+De(ca!—1)—D( )| 
Po Km Km 


1 
=—[1+(Do—D)(m’—1)]. (B-10) 


Km 





To estimate the probable deviation of D from 
Dy let us denote the induced pole-strength due 
to immersion by ; and the distance from the 
center of the magnet to the centroid of p; by 
R,. Then 


PiRe= poRot+ P:R. 


Let us postulate that R; differs from Ro by 5 
percent, a generous estimate for a magnet of the 
dimension ratio under consideration. Then R:/Ro 
reduces to 1+0.05(1—p0/p.). The ratio Do/D is 
equal to (R:/Ro)?, or 14+0.1(1—po/p.). Let us 
now replace (1—0/p:) by the approximation 
1—km, thereby reducing Do/D to 1+0.1(k,_,—1). 
The quantity (Do—D)(x»’—1) in Eq. (B-10) is 
now seen to be of the order of magnitude of 
10-*(km—1) and thus of negligible importance. 
We conclude that for long slender magnets of 


(B-11) 
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hard steel the approximation 1/km for p:/po is 
very good. 


List of Principal Symbols 


F,., F.=net mechanical force of electrostatic origin includ- 
ing contribution from electrostriction. 
f.=direct electrostatic force of one charge on another. 
q=electric charge (in formulating Coulomb’s law). 
ge=conduction charge. 


Pc, Ge =VOlume and surface densities, respectively, of 


conduction charge. 

Pp, tp=Volume and surface densities, respectively, of 
polarization charge. 

pPt=pe+pp=volume density of net charge. 

V=electric potential. 

P=electric polarization. 

ke=relative dielectric constant. 

€o= dimensional constant for D/E in free space. 

€= €0Ke. 

xe=electric susceptibility (dimensionless). 

I=conduction current. 

J-, Jn=current densities for conduction currents and 
uncancelled Amperian currents, respectively. 

F,,=net mechanical force of magnetic origin including 
contribution from magnetostriction. 

p=pole strength (in formulating Coulomb’s law for 
poles). 

po, b:=pole strength due to hard polarization only and 
to total polarization, respectively. 

Pmo, Pm= pole density due to hard polarization only and 
to total polarization, respectively. 

Mo, M=magnetic polarization, hard and total, re- 
spectively. 

#o=dimensional constant for B/H in free space. 

km=relative permeability. 

B= L0Km. 

Xm = magnetic susceptibility (dimensionless). 

xm’ = differential susceptibility of hard magnet. 

n=1/p=reluctivitv. 

n=outward normal to surface. 


Errata: The Teaching of Electricity and Magnetism at the College Level. 
I. Logical Standards and Critical Issues 


(Report of the Coulomb’s Law Committee of the A.A.P.T.) 
[Am. J. Phys. 18, 1 (1950)] 


Equations in the text of Sec. 2.4 second and third lines after numbered Eqs. (2-28a) and (2—28b) 
should read ““‘D=«,.E” and ‘‘D = ex,E”’ respectively. 
Equation (2-38a) should be ¢ curl B=4x(J.+Jm). 


OEMS EOC MEN OS 


FIERY SPA NOE RIOR AE ALE AEE MET SE, 


2 hee OK oO ee 





NGM POTEET AM 


REE NT 


peewee yf Per NOR 





The Mathematics of Elementary Thermodynamics 


_ Kart MENGER 
Illinois Institute of Technology, Chicago, Illinois 


HE purpose of this paper’ is to bridge the 
gap between calculus as taught in elemen- 
tary mathematics courses, and calculus as ap- 
plied in the first courses on thermodynamics. 
Many beginners are baffled by two discrepancies. 
(A). In his calculus course, the student has, at 
best, acquired the idea of the “‘complete’”’ differ- 
ential df of a function f of several variables. In 
thermodynamics he learns that the quantity of 
heat dq, transferred to a gas, is pdv-++du, where 
pb denotes the pressure, v the volume, and wu the 
internal energy. He is told that dq is an “‘incom- 
plete” differential. What is an incomplete differ- 
ential? The answer given in most textbooks of 
thermodynamics (that it is a differential which 
is not complete) is incomprehensible to one not 
familiar with the concept of a general differential, 
and many presentations of this latter concept are 
obscure. When clarified, it proves to belong to 
those ideas which, by virtue of their very sim- 
plicity, are beyond a real understanding of be- 
ginners (cf. Sec. 8). Some physicists suggest that, 
in view of the incompleteness of the differential, 
the quantity of heat should be denoted by 4g, 
dq, or Q. This suggestion is good but, obviously, 
not a substitute for the much needed definitions 
of the terms used in the basic laws of thermo- 
dynamics. In the absence of such definitions, 
most beginners who give any thought to the 
equation dg=pdv+du interpret it as follows: 
If the volume and the energy of a gas undergo 
small changes Av and Au, then the quantity of 
heat Ag, which has to be transferred to the gas, 
is approximately equal to pAv+Awu. As simple 
examples show, this interpretation is incorrect 
no matter what we mean by “approximately 
equal’”’ (cf. Sec. 2). 
(B). In a mathematical statement, two func- 
tions are denoted by the same symbol if, and 


1In preparing the final draft of this paper the author 
has profited by suggestions from Burton D. Fried and 
Leo A. Schmidt of the Illinois Institute of Technology, 
and from Dr. Eric Lype of the Armour Research Founda- 
tion. Part of the content which was presented in lectures 
at the University of Notre Dame, is incorporated in the 
Master’s thesis of Vincent J. Cushing (1946). An abstract 
of a paper “‘The use of differentials in thermodynamics” 
was published in Am. Math. Monthly 56, 210 (1949). 


only if, they are equal: that is, if and only if: 
(1) they have the same domain, and (2) with 
each element of this domain they associate the 
same number or, as we say, the same “function 
value.” For instance, the function associating 
with each number #, the number 16#, and the 
function associating with each number s, the 
number 16+16(s+1)(s—1), may be denoted by 
the same symbol, say F, and we have 


F(t) =16? 


and F(s)=16+16(s+1)(s—1). In physics, two 
functions are denoted by the same symbol if the 
meaning of the function values is the same. For 
instance, the formulas v=v(#), v=v(s) express the 
fact that the velocity of a falling body is deter- 
mined by the time ¢ elapsed since the release of 
the body, as well as by the distance s the body 
has traversed. Since v=gt and v=4/(2gs), the 
mathematician would use different symbols for 
the two functions and would write v=f,(#) and 
v=f2(s). In thermodynamics, the student who 
takes seriously what he has learned in mathe- 
matics and in physics runs into difficulties with 
regard to almost every function. He should see 
at least one function treated in both notations 
with a discussion of their relative merits (cf. 
Secs. 4 and 5). 

A corollary of the difference mentioned in (B) 
is the need for different symbols for partial 
derivatives in physics and mathematics. The 
difficulties are enhanced by the use of the same 
symbol for functions and numbers (variables). 

We shall present the first law of thermody- 
namics without any referénce to the concept of 
a differential (1) as a relation between time rates 
of change (Sec. 1) and (2) using a Stieltjes inte- 
gral (Sec. 6). Also the second law will be analyzed 
without any essential reference to differentials 
(Sec. 10). An Appendix contains a definition of 
the thermodynamic equality of quasi-static 
processes. 


1. The Differential Form of the First Law 


We begin with a presentation of the first law 
that presupposes nothing but the idea of the 
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derivative (df/dt) or f’(t) of a function of one 
variable f(t). We shall study a thermodynamical 
process II of a homogeneous substance for which 
we can determine the following five functions of 
the time: 


v(t), the volume at the moment f¢; 

p(t), the pressure at the moment ?¢; 

6(t), the temperature at the moment ?¢; 

u(t), the internal energy at the moment f; 
and 

q(t), the quantity of heat transferred to 
the substance between an initial moment fp 
and the moment tf. 


We shall call such a process quasi-static. An 
example is the gradual change of volume, temper- 
ature, and energy of an ideal gas through the 
transfer of heat under constant pressure. On the 
other hand, if by opening a shutter in the con- 
tainer we let the gas suddenly expand into an 
originally empty neighboring container of equal 
size, the gas undergoes a process which is not 
quasi-static. No uniform pressure can be deter- 
mined while the gas is expanding. The volume 
is doubled during the process but, at its inter- 
mediate stages, the gas is not homogeneous since 
in the original container the density drops from 
its initial value 6 to 6/2 while in the neighboring 
container the density rises from 0 to 6/2. Once 
and for all, we point out that all processes 
studied in this paper, except those considered in 
Statement C of Sec. 10, are quasi-static. 

We call the process II differentiable if the 
functions v(t), u(#), and q(t) possess continuous 
derivatives. For a differentiable process, the first 
law may be introduced as the following relation 
between p(t) and the time rates of change of the 
functions v(t), u(t), and q(t) 


(dq/dt) = p(dv/dt) + (du/dt) 


q(t) = p(t)v’(t)+u'(t) (1) 

at every moment ?. 
In calculus, the student has learned that if the 
function f(t) has a continuous derivative, then, 
for every number ¢ and every number At, we have 


F(t+At) —f()~ af’ (At, 


where the symbol ~ g; indicates that the expres- 
sions on the left and on the right side are approx- 
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imately equal in the following sense. If |At| is 
sufficiently small, then the difference between 
f(t+At) —f() and f’(At is not only small—this 
is obvious, since both f(t+At)—f(t) and f’(t)At 
themselves are small—but small in comparison 
with |A¢|; that is, by choosing | At] sufficiently 
small (but #0) we can make 


F(t+ At) —f(t) —f’ (At 
At 


as small as we please. 

Applying this theorem to the three derivatives 
q(t), v(t), and w’(t) we see that Eq. (1) is 
equivalent to 


q(t-+At) — q(t) ~ arb(é)[v(t+ At) — v(t) ] 
+[u(t+Aat)—u(t)]. (2) 


Hence the expositor may either start with Eq. 


(1) and derive Eq. (2) or start with Eq. (2) and 
derive Eq. (1). 


2. A Misinterpretation of the Differential Form 
of the First Law 


In formula (1) which connects p(t) and the 
time rates of change of the functions 2(é), u(t), 
and g(t), every term is clearly and unambiguously 
defined. Traditionally, however, the first law is 
written in the form of an equality of differentials 


dq=pdv+du. (3) 


This last equality is clear and unambiguous only 
when considered as an abbreviation for Eq. (1); 
in other words, when supplemented by the re- 
mark that dq, dv, and du are differentials with 
regard to the time of the functions of one 
variable g(#), v(t), and u(#). This point is rarely 
emphasized. In lieu of the above remark, most 
books present those discussions of the incom- 
pleteness of the differential dg which we men- 
tioned in the introduction to this paper. Experi- 
ence shows that, in spite of those discussions, 
many beginners misinterpret formula (3) by 
translating it into the following statement: 

If the volume and the energy of a gas undergo 
sufficiently small changes Av and Au, then the 
quantity of heat that has to be transferred to the 
gas is approximately equal to pAv-+Au. More 
precisely, Ag and pAv+Au differ by a quantity 
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which is small in comparison wfth Av and Au, or 
Aq~ Av, AupAv+ Au. (4) 


While no textbook makes this erroneous claim, 
few books warn against it. Since, under these 
circumstances, the misunderstanding frequently 
occurs, it seems advisable to show explicitly that 
the above statement (4) is neither a logical 
consequence of Eqs. (1) and (2) nor generally 
valid for thermodynamical processes. This can 
be shown by means of simple examples: 

(a) A mathematical example.—Let F(x), A(x), 


B(x), and C(x) be four functions satisfying the 
relation 


F'(x) = A'(x)+ C(x) -B’(x) (5) 


for every x. In view of what we saw in Sec. 1, 
from Eq. (5), it follows that if | Ax| is sufficiently 
small, then 


AF~ 4,AA+C(x)AB. 


But the relation (5) does by no means imply that 
for small changes AA and AB of A(x) and B(x), 
the change of F(x) will differ from AA+CAB 
little, let alone by a quantity which is small in 
comparison with AA and AB. If, for instance, 


F(x) = —(2x—1)'/6, A(x) =B(x)=x?—x, 
C(x) = —2x, 


then relation (5) holds and yet F(x) may undergo 
large changes although A(x) and B(x) change 
little or not at all. For instance, 


for x=0 we have 

F(0)=1/6, A(0)=0, and B(0)=0; 
for x=1 we have 

F(1)=-—1/6, A(1)=0, and B(1)=0. 


Hence, as x changes from 0 to 1, the net change 
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of F is —4, while the net change of both A and B 
is 0. If x changes from 0 to a number close to 1, 
then the change of F is almost — 3, while the net 
changes of A and B are almost 0. It is true that 
the change of x from 0 to 1 is relatively large 
and that for smaller changes of x, such as from 
0 to 3, the net changes of A and B are appreci- 
able. It is furthermore true that if x changes 
from 0 to a number which is sufficiently close to 
0, then the difference between AF and AA+CAB 
is small in comparison with [(AA)?+(AB)?]}. 
But in the erroneous statement (4) one compares 
the net change Ag merely with the net changes 
AA and AB and completely ignores the quantity 
At. This is where the error lies, for the quantity 
At plays an essential role in the correct formula 
(2). 

(b) A physical example.—We study one mole 
of an ideal gas for which, at every moment, 
pv=R8é. The internal energy u remains constant, 
if the volume is changed while the temperature 
is kept constant. Morever, u depends linearly 
upon 6, if either volume or pressure is kept 
constant. We have 


U—Ujp=C,(O—O) and u—uUp=cp(O—O4o), 


respectively, where uw is the energy at the 
temperature 0) and where the constants c, and 
Cp Satisfy the equality c,—c,=R. 

Every process in which, after an appreciable 
change of g, the initial volume and temperature 
of the gas are restored or almost restored, dis- 
proves statement (4). We carry out in detail a 
simple instructive example due to Mr. Burton 
D. Fried. One mole of an ideal gas, with the 
initial volume, temperature, and pressure vo, 9%, 
and fo, is contained in a cylinder of ‘the type 
employed in a Carnot cycle, and undergoes the 
following process I;: 


(1) First, the gas expands isothermally to 
the volume 71> 2p. 

(2) Then, the gas is heated at constant 
volume to the temperature 62:=109/vo. 
When it reaches this temperature, the pres- 
sure assumes its original value po. 

(3) Finally, the gas is cooled and its 
volume decreased under constant pressure. 
Let v3 and 6; denote the final volume and 
temperature, 





92 


In a (v, 6)-plane, the process is represented by 
a triangular path from A = (vp, 9) via B= (v1, 9) 
and C=(v, 62) to D=(v3, @3) (see Fig. 1). 

Computing Ag in the traditional way we see 
that d0=0 on AB; dv=0 on BC; and dp=0 on 
CD. Hence, 


B c 
Aq= f dq= f pdv+ f c,d 
ABCD A B 


D 
+f (pdv+c,dé) 
¢ 


v1 RA 62 v3 63 
-{ —dv+ cao f poto+ f c,d 
o 60 v1 62 


0 v 
= RO In(v1/v0) +c¢,(02 —_ Ao) 
+ po(vs—v1) +cp(03 — 92). 
Now, 


Cv(92— 00) +€p( 83 — 2) = (Cp — R) (02— 90) 
+€ (83 — 02) =Cp(03— 90) —R(82— 9) 


and 
R(02— 90) = RO0(v1 — vo) /¥0 = po(d1 — 2). 
Hence, 
Aq = poAv+c,A0+ RM% In(v1/v0) — 2po(v1— v0), 


where we have set 03;—0)=A@ and v3—v9= Av. 

If we choose v3 and 63 closer and closer to v 
and @, then Av and A@ approach 0, while the 
corrective term 


Aq — poAv—c,A8 = RA In(v1/v9) — 2p0(v1 — v0) 


not only fails to become small in comparison 
with A@ and Av but does not become small at all. 
For the corrective term is independent of v3 and 
63 and, as is easily seen, negative provided that 
Vi > Vo. 

It may be of interest to describe the process 
Il, by five functions of the time o(#), A(2), p(é), 
u(t), and g(t). Corresponding to the three stages 
of the process, each of these functions is defined 
in three time intervals: 


v(t) for to<t<t, 
v(t) =4 2 for t1<t<te 
v3(t) for te<t<ts, 


where v,(¢) and v;(t) are functions satisfying the 
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conditions 
Vi(to.) =, 21(t1) =, 
Va(t2)=01, a(t) =03; 
Oo for to<t<h 
6(t) -|s%0 for th<t<te 
povs(t)/R for t<t<ts, 


where 6,(¢) is a function satisfying the conditions 
O1(t1) =O0, 81 (t2) = 02= 0199/0; 
R6o/v1(t) for to<t<ty 
p(t) = RO(t)/v(t) =< ROi(t)/v. for ti<t<te 


Po for t2<t<ts; 

and 
Uo for to<t<h 
u(t) = 4 Uot+cy9;(t) for t4<t<t, 
UotCeOe+cypovs(t)/R for t2e<t<ts. 


It follows that 
‘is ii (ROo/01(t))v1’(t) +0 for to<t<ti 
— 0+¢,6,’(t) for t1<t<to 
povs'(t)+cCppovs'(t)/R for te<t<ts. 
Hence, by Eq. (1), 


ROov1' (t) /v1(t) for to<t<t 


os C81’ (#) for 
dt 
po(1+c,/R)v3'(¢) for 


ty St<te 
to<t<ts 


and by integration 


q(te) +. RO In[v1(t) /v0 ] for to<t<t, 
g(to) +R Oo In(v1/v0) 

q(t) = +c.[6:(t)—O] for th<t<ts 
g(to) +.ROo In(v1/v0) +¢v(02— 8) 
+po(itc,/R)[vs(t)—v1)] for te<t<ts. 


In particular 
q(ts) = q(to) + RO In(v1/v0) + Co(42— 9) 

+ po(1+cp/R)(vs—2). 
Transforming the last two terms we find 


Aq= poAv+c,A0+ RO In(v1/v9) — 2po(v1 — v0). 


3. What Is and What Is Not a Function? 


The last example also shows that if we merely 
know the net changes which the volume and the 
energy (or the temperature) of a gas undergo, 
we cannot even approximately guess how much 
heat has been transferred to the gas during the 
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process. For in the process Ii, even if the net 
changes Av, A@, and Aw are as small as we please, 
Aq is appreciable. But, if Il, denotes the expan- 
sion of the volume of the gas under constant 
pressure from vp to v3 (in the diagram, II, would 
be represented by the straight segment AD), 
then we obtain 


Aq= f (podv+c,dé) 
AD 


= poAv+c,A0= po(1+c,/R)Av. 


Thus, for Ile, if Av is sufficiently small, Ag is as 
small as we please. 

We thus see that Ag is not a function of Av 
and A@. Here, by “function’’ we mean the 
association of exactly one number with each 
element of some set. (This set is called the 
domain of the function.) If the elements of the 
set are numbers, pairs of numbers, triples of 
numbers, . . . we speak of a function of one, 
two, three, . . . variables. (Some authors call 
the functions in this sense one-valued or single- 
valued functions.) Moreover, we see that g is not 
a function of v and @. For, if in II, we set v3=v, 
then Av, A@, Ap are precisely zero, and yet 


Ag = RO In(v1/v0) — 2p0(v1 — v0) <0. 


The beginning student of physics would easily 
grasp this situation, if in studying the concept of 
a function he had been shown examples of 
associations of numbers with numbers which do 
not fall under the definition. The temperature of 
a room is a function of the time, and the temper- 
ature of a man in the room is a function of the 
time; but the temperature of the man is not a 
function of the temperature of the room, since 
(at different moments) the man’s temperature 
may be different although the room temperature 
is the same. Neither is the room temperature a 
function of the man’s temperature. Even if, 
during a particular time interval, the man’s 
temperature should be the same whenever the 
room temperature is the same, we still should 
not call the former a function of the latter since 
a little reflection would reveal the coincidental 
character of the particular situation.? Unfortu- 


_ *Cf. the author’s lecture notes “The concept of a 
function,”’ edited by B. D. Fried (1948). 


nately, many mathematics books fail to present 
such examples.’ 

On the contrary, numerous books on calculus 
define, at the outset, a function as the association 
of one or more numbers with each element of a 
set (domain). According to this definition (of 
what sometimes is called a many-valued func- 
tion), every measurable quantity varying in time 
is a function of every other such quantity; e.g., 
a man’s temperature would indeed be a function 
of the room temperature. For this very reason, 
the general concept of a many-valued function 
is physically useless; moreover, it is also unim- 
portant in the elements of mathematics. In 
calculus, we differentiate and integrate exclu- 
sively one-valued functions and even in the 
theory of complex functions we study only a 
very limited class of many-valued functions. 

While thus the introduction of the general 
concept of a many-valued function does not 
serve any useful purpose, it creates in beginners 
the disposition to those misunderstandings which 
are particularly harmful in thermodynamics. 
Mathematicians ought to limit elementary dis- 
cussions strictly to one-valued functions, but 
supplement the definition with examples not 
falling under the concept. 

On the other hand, physicists ought to refrain 
from using such symbols‘ as (0q/dv)¢ which are 
meaningless except under the assumption that g 
is a function of v and @—and this, as we have 
seen and as these physicists themselves point 
out, is not the case. 


4. An Equation of State and the Energy 


We shall now study a class of processes. 
Usually the processes of this class are called 
quasi-static processes of a substance satisfying an 
equation of state. Mathematically, these processes 
are characterized by a relation between volume, 
pressure, and temperature (which are said to 


3 Cooley, Gans, Kline, and Wahlert in their Introduction 
to mathematics (Houghton Mifflin, 1937), a book with many 
merits, claim (p. 262) that the marriages in New York are 
a function of the imports of Siam from the United States. 
The authors substantiate this claim by representing the 
marriages and imports as two functions of the time. By 
coincidence, whenever the imports differ so do the mar- 
riages. But even so, we should consider the situation as 
an example not falling under the concept of a function. 

4H. Margenau and G. M. Murphy, The mathematics of 
physics and chemistry (Van Nostrand, 1943), p. 11. 
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characterize the state of the substance). The 
relation (equation of state) is assumed to hold 
for all quasi-static processes of the substance and 
to be of such a nature that every two of the 
quantities v, p, and @ determine the third. More 
precisely, we assume the existence of three 
functions 


V(b, 8), O(2, Pp) 


possessing continuous first partial derivatives 
which are so related that the following equalities 
hold 


V(P(z, 0), 0) =v 
V(p, Ol, p)) =e 
P(V(p, 0), 0)=p 
P(v, Ov, p)) =p 
e( Vip, 6), p) =0 
O(v, P(v, 0))=0 


For every process of the class, 
moment ¢ we have 


v(t)= V(ptd), 2), +p) =P(r(4), (4), 
O(v(t), p(t)) = a(t) 


P(v, 8), 


for every v and 8, 
for every v and ?, 
for every p and @, 
for every p and v, 
for every @ and p, 
for every @ and v. 


at every 


and hence 


v'(t) > ‘() re “9 (6) 


as well as similar formulas for p’(t) and 6’(é). 
Here (0V/dp) and (@V/d@) denote the functions 
of ¢ obtained by substituting p(t) and @(¢) into 
the partial derivatives of V(p, 8). 

We shall furthermore assume that the energy 
is determined by volume, pressure, and temper- 
ature or, as we say, that u is a function of the 
state. In Sec. 2 we saw that, even for one and 
the same process, the quantity of heat need not 
be determined by volume, pressure, and temper- 
ature. In other words, g is not a function of the 
state. 

In view of the equation of state, every function 
of the state, in particular u, is determined by any 
two of the three quantities v, p, and 6. This 
example illustrates the difference, mentioned in 
Paragraph (B) of the introduction, between the 
notations of the physicist and the mathematician. 

(1) Since, in general, the way u depends upon 
v and ? is totally different from the ways u 
depends upon v and @, or upon p and @, the 
mathematician, being exclusively interested in 


the way the function values depend upon the 
independent variables, would denote the three 
functions by three different symbols, say by 
Ui(v, p), Un(v, 0), Us(p, 4) 

with the understanding that we have 
U3(p, 6) — U2( Vip, 6), 6) 

for every pand @ (7matn) 
Ui( Vip, 6), p) 


for every p and 6 


U3(p, 6) = 
(8math) 
and similar formulas connecting any U; to any 
U; (j41). The mathematician would denote the 
six partial derivatives of the three functions by 

OU, 9U;, AU, AU2 AU; 


’ 


aU; 


dv’ ap av 00 dp 06 


By differentiating the relations (7matn), (8matn), 
etc., he would obtain the relations 


0U3; 0U20V dU. 
mae ar (9) 
00 ov 06 080 


dU; dU20V 
——=———,, ete. 


(10) 
Op dv Op 


(2) The physicist, being primarily interested 
in the physical meaning of the function values, 
uses the same letter to denote the three functions 
and writes 

u=u(v, 


p) =u(, 0) =u(p, 0). (7 pays) 


In order to avoid ambiguities which would be 
disturbing from his as well as the mathema- 
tician’s point of view, the physicist denotes the 
six partial derivatives of u by 


Gi) ae 


respectively. Accordingly he expresses the rela- 
tions (9) and (10) in the form 


(CNG), 2 
(2).-(2 2)» tan 
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etc., where (0V/00), and (8V/dp)» could, without 
ambiguity, be replaced by (8V/00) and (8V/dp), 
respectively. 

The function of the time u(é) is related to the 
three functions u of two variables as follows: 
At every moment #, we have 


u(t) =u(v(t), p(t) =u(v(2), 6(2)) 


=u(p(t), 6(t)) 
u(t) = Ui(v(t), p(t)) vr U2(v(t), a(t)) 


= U,(p(t), O(4)). 


Accordingly, we have, for instance, 


eo(2)8+(2) Scam 


0U2 
u'(t) = — ‘®) +00, 


(1 1 phys) 


(1 1 santa 


(1 2math) 


and two similar equalities for U; and U3. 

Once, the coordination of the terminologies 
used in physics and mathematics is established, 
it is only fair for the physicist to insist on the 
merits of his own notation in the field of thermo- 
dynamics. For in developing this theme the 
physicist has to represent the energy as a func- 
tion of many pairs of quantities besides (v, p), 
(v, 0), and (p, 0). The mathematician would have 
to introduce further symbols, such as ws, us, --- 
which would be unintuitive unless a definite 
order of all thermodynamical quantities were 
generally adopted. 

It may be pointed out, furthermore, that in 
applying the concept of a function to geometry 
the mathematician himself often uses the nota- 
tion of the physicist. He describes the equation 
of the motion of a point in the plane by x= X(d), 
y= Y(t) and denotes the curvature of the path 
at the moment ¢ by x(é). Let S(é) be the length 
of the path traversed between an initial moment 
to and ¢. For given s, let T(s) be the moment at 
which S(T(s))=s. Now most geometers write 
x(s) instead of «(T(s)), although the way in which 
the curvature depends upon s is, in general, 
totally different from the way in which the 
curvature depends upon ¢. However, it seems 
doubtful that one could develop a consistent, 
purely logical syntax of this physical-geometrical 
functional notation, except with regard to partial 
derivatives. 


5. The Specific Heat 


Traditionally, the first application of the 
first law is made in computing the specific heat. 
For a given differentiable process II we call 


(q’(t)/0’(t)) the specific heat at the moment f¢. 
We have 


q'(t) 
6’(t) 
From the first law, Eq. (1), we obtain 
q(t) p(tjo’(t)+u'(t) 
6’(t) et) 
(a) Constant volume.—First we consider a 
process, II,, during which the volume is constant, 
v(t)=v0, and thus v'(t)=0. For every such 
process II,, belonging te the class studied in 


Sec. 4, from Eqs. (13) and (12) i in view of v(t) =0 
we obtain 


g(t+ At) —g(t) 
*‘a(t-+ At) — 0(t) 


(13) 


(du/06). 


in the physical notation, 


q (t) 
c(t) = eae (0U2/08) (v0, O(t)) 


in the mathematical notation. 


Here the last term indicates that in (0U2/06) 
we substitute vo for v, and 6(¢) for @. 

We see that, if for a process II,, at two different 
moments the temperature has the same value 
(the volume has automatically the same value 
vo), then at these moments the specific heat will 
be the same. But much more can be said. Even 
if the substance with the energy function u(v, @) 
undergoes different processes, II,, and II,,*, with 
constant volume vo, then whenever thé tempera- 
tures are equal, so are the specific heats—in 
other words, the specific heat for constant volume 
is a function of the state. 

We can also express this fact by saying that 
there exists a function c(v, @) such that, if a 
substance with the energy function u(v, 6) under- 
goes any process II,,, then at every moment ¢ the 
specific heat is 


Cr9(t) = c(v0, O(t)). 


(b) Constant pressure.—Let Ip, denote a proc- 
ess of our substance for which p(t)=o. Then 
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p’(t)=0 and from Eqs. (13), (6), and the analog 
of (12) for U;=u(p, 6) it follows that 

q (t) 
Cpo(t) = = 


OV ou; 
Po—(o, O(t)) ++——(o, O(t)) 
6’(t) 00 06 


OV ou 
-o(22) (2), 
ao/, \a0/, 


Using Eq. (9pnys) we obtain 


ent) =o) + +(= 7 SI G i). 


We see also that cpp is a function of the state. 
Again, conditions can be formulated under which 
Cp does not change during the process, and 
assumes the same value for all processes II, 
within a certain range. Clearly, 


= [p+ (du/dv)» }(0V/d8) ». 


6. An Integral Form of the First Law 


The form Eq. (1) of the first law is confined to 
differentiable processes for which the volume, 
the energy, and the quantity of heat are differ- 
entiable functions of the time. We shall now 
present an integral form of the first law which 
does not presuppose differentiability of any of 
the functions, and thus is applicable to a much 
wider class of processes. 

We shall base this formulation on the concept 
of the Stieltjes integral of a function f(x) with 
respect to a function g(x) in an interval, a<x<b, 
denoted by 


ais 
f Flx)dg(x). 


Due to its fundamental role in pure as well as 
applied mathematics, this concept has lately 
been included in several elementary textbooks.5 
Its main applications are to moments in me- 
chanics and statistics. As we shall see, Stieltjes 
integrals are also useful in thermodynamics. 
The idea of a Stieltjes integral is so simple 
that it can easily be presented to a beginning 
student of theoretical physics. In order to define 


§D. V. Widder, Advanced calculus (Prentice-Hall, 1947), 
Chap. V. 


a’f(x)dg(x) we divide the interval a<x<b into 
smaller intervals 


B=X9<X1 <9 SKE Ke <- 


<Xn-1<%_ =. (14) 


Let \ denote the length of the longest of these 
intervals, that is, the largest of the numbers 
Xk41—X,. In each of the small intervals we choose 
a number x,<x%*<x%41. Then we form the 
so-called Stieltjes sum 


E fla") Lele) —g(xx) ] 


which is an approximation to J2°f(x)dg(x). In 
order to obtain a better approximation we form 
Stieltjes sums for subdivisions of the interval 
a<x<b which are finer, that is, for which X is 
smaller. The integral J/2*f(x)dg(x) is defined as 
the limit, whenever it exists, of the Stieltjes 
sums as \ approaches zero. In the special case 
that g(x) =x the integral is the ordinary integral 
Jef(x)dx. In the special case that f(x)=1 for 
a<x<b we readily see that J21dg(x) =g(b) 
—g(a) for every function g(x). If g(x) is differ- 
entiable, one can easily prove that 


J fiz)de(x) = f flx)e'(x)de. 


But, the Stieltjes integral also exists for non- 
differentiable functions g(x) and even for some 
discontinuous functions g(x); for instance, it 
exists for functions having only a finite number 
of maxima and minima in the interval a<x<b, 
provided that f(x) is not too discontinuous. 

The function g(x) is said to be of bounded 
variation in the interval a<x<b, if there exists 
a finite number V such that for every subdivision 
(Eq. (14)) of the interval we have 


| g(x1) —g(xo)| ++ -- + | g(%e+1) — g(x) | 
+ ats + | g(xn) — g(Xn_1) | < V. 


It can be shown that every continuous function 
having only a finite number of maxima and 
minima in an interval is of bounded variation in 
this interval. The converse of this theorem is 
not true. The continuous function 


: sin(1/x) 0<x<1 
x=0 


for. 
for 


g(x) = 
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can be proved to be of bounded variation in the 
interval 0<x<1, although it has infinitely many 
maxima and minima in the interval. 

It can be shown that J2°f(x)dg(x) exists when- 
ever f(x) is continuous and g(x) of bounded 
variation in the interval a<x<b. The integral 
form of the first law reads 


q(t) — (to) = u(t1) —u(to) + f p(t)dv(t). (15) 


If v(t) is differentiable, then the last integral is 
= Ji,""p(t)v' (t)dt. We can divide equality (15) by 
t1—to. If also g(t) and u(t) are differentiable, and 
we let ¢; approach to, then we obtain the differ- 
ential form, Eq. (1), of the first law for t=%p. 
But from what was said about Stieltjes integrals 
it follows that the integral form of the first law 
is also applicable to processes which are not 
differentiable, even to processes in which the 
volume undergoes discontinuous changes, pro- 
vided that at the moments of these explosions 
the pressure is continuous. 


7. Expansion and Contraction 


The remark contained in this section is due to 
Mr. Leo A. Schmidt. We call a process II, an 
expansion, if a<ti<te<b implies v(t;) <v(te) and 
v(a) <v(b); a contraction, if a<ti;<t2<b implies 
v(t;) >v(t2) and v(a)>v(b). The subscript in I, 
indicates that, in both cases, v(t) is what is 
called a monotonic function. If g(x) is mono- 
tonic for a<x<b, then the Stieltjes integral 
JSeof(x)dg(x) satisfies the following mean value 
theorem: There exists a number x* between a 
and b such that 


b 
J sede) =f") - 2) 
From the integral form (15) of the first law 
it thus follows for II, that 
(ts) — q(to) = p(t*) Lv(t1) —v(to) J+-u(t1) —u(to) 
for some ¢* between fp and ¢;, or briefly, that 
Aq= p*Av+Au. 
If we set p(to) =p, it follows that 
Aq— pAv—Au=(p* — p)Av. 


Now, if we denote by Apmax the maximum change 
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that the pressure undergoes during the process 
Il, then we have 


|p*—p| SApmax 
Ag— phv—Au 
Av 


and 


< APmax- 


In words: Jn an expansion or contraction, if the 
change in pressure is sufficiently small, the differ- 
ence between Aq and pAv+Au is as small in 
comparison with Av as we please. 


8. What is a Differential? 


We shall discuss the case of three variables 
from which the transition to two or one, as well 
as to four or more variables, is easy. 

Let f be a function of three variables which in 
a domain D admits three continuous first partial 
derivatives. For every triple (x, y, z) belonging 
to the domain D, and every triple of numbers 
(Ax, Ay, Az), we form the number 


of 
Aj(x, y, 2; Ax, Ay, Az) =—(x, y, 2) Ax 
Ox 


of of 
+—(x, y, 2)Ay+—(x, y, 2) Az. 
oy 02 


If we set Ar =[(Ax)?+ (Ay)?+ (Az)? }', then, as is 
taught in the elements of calculus, 


A;(x, y, 2; Ax, Ay, Az)~ ar f(x +Ax, y+Ay, 2+Az) 
—f(x, y, 2). 


That is, for small Ar the difference between A; 
and Af is not only small—this is obvious because 
for small Ar both A; and Af themselves are small 
—but small in comparison with Ar. In other 


words, by choosing Ar sufficiently small we can 
make 


Af—Ay; 


(16) 
Ar 


as small as we please. [The statement mentioned 
in Sec. 1 about a function f(#) is the analog for 
functions of one variable of our last statement 
about f(x, y, 2). ] 

For every triple (x, y,z) belonging to D the 
following difference function of f at (x,y,2), 
Af =f(x+Ax, y+Ay, z+Az) —f(x, y, 2), is a func- 
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tion (and, in general, a complicated function) of 
Ax, Ay, Az, while A;(x, y, 2; Ax, Ay, Az), which we 
call the differential of f at (x,y,z), is a linear 
function of Ax, Ay, Az. 

The significance of the above result lies in the 
fact that, for sufficiently small Ar, the inaccuracy 
we incur by replacing the complicated difference 
function by the linear differential is as small as 
we please in comparison with Ar. 

Traditionally, the last fact is symbolized as 
follows 


0 0 0 
Seine ie (17) 
Ox 02 


dy 


In presenting Eq. (17) to the beginning mathe- 
matician and physicist one cannot emphasize too 
strongly that this formula is neither more nor less 
than a symbol for the possibility of approxi- 
mating Af by A; in the way explained in the 
preceding paragraph. It is the conviction of the 
author that it would be best not to present to 
beginners the symbolic expression Eq. (17) at all. 

Now let us assume that in a domain D of 
the (x, y,2)-space three continuous functions, 
P(x, y, 2), Q(x, y,2), and R(x, y, 2), are given. 
For every triple (x,y,z) belonging to D and 
every triple of numbers (Ax, Ay, Az) we may 
form the number 


Ap, g. R(x, y, 2; Ax, Ay, Az) = P(x, y; 2)Ax 
+Q(x, y, z)Ay+R(x, y, 2) Az. 


In this way for given P, Q, and R, we have 
defined a function of six variables. We can also 
say: given P, Q, and R, for every triple (x, y, 2) 
belonging to D, we have defined a linear function 
of (Ax, Ay, Az). If, in particular, P, Q, and R are 
the partial derivatives of a function f(x, y, 2) 


P=of/dx, Q=df/dy, R=df/dz, 


then Ap, 9,r(x, y, 3; Ax, Ay, Az) is what we have 
denoted by A;(x, y, z; Ax, Ay, Az) and called the 
differential of f. For this reason, if P, Q, and R 
are any three given continuous functions, Ap,¢,r 
has received the rather unfortunate name of a 
(general) differential while the differential A, of a 
function is called a complete or exact differential. 
The traditional symbols 


P(x, y, z)dx+Q(x, y, z)\dy+ R(x, y, 2)dz 


for the (general) differential, shaped after the 


symbols on the right side of Eq. (17), are, as we 
shall see, even more unfortunate. At this place 
we just emphasize that in our definition of 
Ap.gr the numbers Ax, Ay, Az are in no way 
restricted and, in particular, need not be small. 

Summarizing we can say: Aj,s,s, is the 
differential of f. The differential Apo, for 
three given functions P, Q, and R with the 
domain D, is the association of the linear function 
Ap,g,r(x, y, 2; Ax, Ay, Az) of (Ax, Ay, Az) with 
every (x, y, 2) belonging to D. 

For instance, if we have 


P(x, y, 2) =3x?+y2+2, Q(x, y, 2) =0, 
R(x, y, 2) =4x 


for. the domain of all triples (x, y, 2), then with 
(0, 0, 0), (1, 1, 1), and (3, 2, 1) we associate the 
linear functions 


Ap, g,r(0, 0,0; Ax, Ay, Az) =2Ax, 
Ap,g,r(1, 1, 1; Ax, Ay, Az) =6Ax+4Az, 
Ap, g,r(3, 2,1; Ax, Ay, Az) =31Ax+12Az. 


The concept of a differential is thus exceed- 
ingly simple. But it is of that kind of simplicity 
and abstractness which baffles beginners. The 
usual symptom of their lack of understanding is 
their response to the above definition of Ap,g,z 
with the question “But what is a differential?’ 
They will not ask this question with regard to 
the differential of a function f. For in the mind 
of the beginner, Ay gets its real meaning from 
the fact that it is approximately equal to Af, 
the difference between values of f. This point 
of view is, of course, incorrect. By definition, A; 
is a linear function of (Ax, Ay, Az) for every 
(x, y, 2), precisely as is Ap,g,r; and it is a theorem 
that, if A; is so defined, then A; and Af differ by 
a quantity which is as small as we please in 
comparison with Ar = [(Ax)?+ (Ay)?+ (Az)? } pro- 
vided that Ar is sufficiently small. But the tie 
between A; and Af is what really interests the 
beginner. No similar tie exists between Ap,gr 
and more familiar concepts. The result is that 
Ap,g,z is not understood by beginners with the 
exception of a small minority. 

The traditional expression, Pdx+Qdy+ Rdz, 
for the differential adds to the confusion. For in 
the symbolic equality Eq. (17) we write dx, dy, 
and dz in order to indicate that the inaccuracy 
incurred by replacing Af by Ay; gets smaller and 
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smaller in comparison with |Ax|, |Ay|, and |Az| 
as these quantities get sufficiently small. Hence 
the expression Pdx+Qdy+Rdz suggests that 
some inaccuracy gets smaller or, at any rate, 
that something happens to PAx+QAy+RAz 
when |Ax|, |Ay|, and | Az| get sufficiently small. 
As a matter of fact, however, in general nothing 
particular happens under these circumstances. 

The conclusion which the author draws from 
these facts is that physicists in presenting the 
elements of the theory should refrain from referring 
to the poorly understood concept of a general 
differential altogether. 

How such references can easily be avoided in 
presenting the first law has been shown in Sec. 1 
where we introduced the law as the relation (1) 
between time derivatives, and in Sec. 6 where 
we presented the integral form Eq. (15). 

After the beginner has really understood the 
first. law in these forms which he is prepared to 
understand, the physicist may, for historical 
reasons, wish to present the differential form 
Eq. (3). In doing so he ought to emphasize the 
remark made in Sec. 2 that the differentials are 
meant with respect to the time, and he should 
present examples, such as those of Sec. 2, which 
forestall misinterpretations of the differentials 
in other directions. For 


pAv+tAu and [p+(du/dv) ]Av+(du/d0)A0 


are general differentials in two variables v, u and 
v, 0, respectively. For instance, the latter differ- 
ential can be written in the form 


A(v, 0)Av+ B(v, 0)A8, 


A(v, 6) =P(v, 0) + (du/dv) (2, )) 


and B(v, 6) =(du/d6)(v, 0), P(v, 0) representing 
the pressure as a function of volume and temper- 
ature. In general, the differential A(v, 6)Av 
+B(v, 0)A@ is not the differential of a function 
f(v, 0). In their futile attempts to connect this 
differential with more familiar concepts beginners 
are misled by the unfortunate form Eq. (3) of 
the first law into the misinterpretations discussed 
in Sec. 3 which cannot be prevented by simply 
replacing the symbol dg by dg, dg, or Q. 
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9. A General Scheme for the Elimination 
of Differentials 


More easily comprehensible to the beginner 
than the differential Ap, 9,r(x, y, 2; Ax, Ay, Az) is 
the simple idea of the triple of functions 
(P(x, y, 2), Q(x, y, 2), R(x, y, z)) because it may 
be interpreted as the association of a vector 
with each point. With the point (x, y,z) we 
associate the vector with the components 
P(x, y, 2), Q(x, y, ), and R(x, y, 2). 

The possibility of replacing the idea of the 
differential Ap,g.z by that of the vector field 
(P, Q, R) is most obvious in mechanics. A force 
field in the three-dimensional space is given by 
the association of a vector (P(x, y, 2), Q(x, y, 2), 
R(x, y, 3)) with each point (x, y,z) of a domain. 

The differential with the classical symbol 


P(x, y, 2)dx+Q(x, y, z)dy+R(x, y, z)dz (18) 


means that for every point (x, y, 2) we define a 
linear function of (Ax, Ay, Az); that is, that, for 
every point (x,y,z), with every vector from 
(x, y, 2) to (x+Ax, y+Ay, z+Az) we associate a 
number, namely, the scalar product of this vector 
with the vector (P(x, y, 2), Q(x, y, 2), R(x, y, 2)). 
The physical meaning of this scalar product is 
the work we should do by moving a unit mass 
from (x, y, z) to (x+Ax, y+Ay, z+ Az) along the 
straight line, if the force vector everywhere along 
this path were identical with the force vector at 
the initial point (x, y, z) which, in general, is, of 
course, not the case. 

Now, in spite of the fact that in some respects 
the concept of work is more basic than that of 
force, one will probably hesitate to introduce the 
beginner to the theory of force fields by taking 
the differential Eq. (18) as the starting point. 
One will much rather begin with the'force field 
and then define the work W done by moving a 
unit mass along the path x=x(t), y=y/(é), 
z=2(t), (to<t<t) as the Stieltjes integral 


J PEO. 90, rare 


to 


+Q(x(4), y@), 2(4))dy(t) 
+R(x(), yO), 2(¢))dz(0) J 


corresponding to the integral form Eq. (15) of 
the first law. For differentiable motions, we may 








100 


relate the time derivatives of W and the compo- 
nents of the velocity, 


W'(t) = P(x(é), y(t), 2(t))x’ (2) 
+Q(x(t), y(t), 2(t))y’ (2) 
+R(x(4), y(t), 2(é))2’(0) 


corresponding to the form Eq. (1) of the first law. 
The general procedure for eliminating differ- 
entials Ap,g,z is to concentrate on the triple of 
functions (P(x, y, 2), O(x, y, 2), R(x, y, z)). For 
instance, we shall not say that the differential 
Pdx+Qdy+Rdz is complete or exact, or, in 
other words, that there exists a function f such 
that df= Pdx+Qdy+Rdz. Instead we shall say 
that the triple of functions (P, Q, R) is exact if, 
and only if, there exists a function f such that 
P=df/dx, Q=df/dy, R=df/dz. 
Similarly, we shall say, the triple (P,Q, R) is 
integrable if, and only if, there exists a function 
s(x, y,2) such that the triple (sP,sQ,sR) is 
exact. The beginner can be expected to know 
that every pair of functions of two variables 


(P(x, y), Q(x, y)), but not every triple of func- 
tions of three variables, is integrable. 


10. The Second Law 


The second law, in its traditional form, is the 
conjunction of various, more or less independent, 
statements. We shall mention the three main 
mathematical consequences of the second law. 

(a) The existence of the entropy.—There exists 
a function of the state, S(v, 6), for which 


aS os ou ou 
[rons(2) 13), 
Ouv/ 6 06/ , 


dv 00 
In the terminology of the preceding section, 
statement (a) contends that the pair of functions, 
P(v, 0)+(du/dv)o, (du/00), is integrable or, in 
the classical terminology, that the differential 


[P(v, 0)+(du/dv)» |\dv+ (du/d0).d0 


is integrable. As we mentioned at the end of the 
preceding section, every pair of two functions of 
two variables and every differential in two 
variables is integrable. Hence, in the case of 
processes which can be characterized by two 
functions v(t) and @(#), statement (a) is provable 
and thus does not impose any limitations on the 
course of nature. 
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The situation changes, if we study more 
complicated processes, for instance, processes in 
which each state is characterized by four num- 
bers v1, 61, v2, and 62 describing volume and 
temperature of two substances. In this case, the 
corresponding quartet of functions or, in the 
classical terminology, the differential 


Ou, uy 
[ Pac, )+(—) fot (= > dé, 
Ov J a4) © 06; 
Ouse 
tps 09+ (2), ocr (2) on 
Ove 002 v2 


need not be and, in general, is not integrable. 
For instance, one readily proves that the differ- 
ential | 


(19) 


Re, 
ei ei (20) 
V1 Veo 


corresponding to two ideal gases, is not inte- 
grable. For the assumption that there exists a 
function S(v1, 01, v2, 62) such that 


aS AS AS AS RO, Re 


01 ile 


Ov, 00; OV2 062 V1 V2 


leads to a contradiction. However, in the case of 
two substances, the analog of statement (a) 
postulates the integrability only if the two sub- 
stances have the same temperature, that is, if 
6,=6.=0. The differential Eq. (20) reads in this 
case 


RO 
dot i (Ci +c2)d0 
V1 


(21) 
and Eq. (21) is indeed integrable. For, let S be 
the function 

S(v1, v2, 0) =R logui +R logve+(citce) log@. (22) 
Then we have 


aS R 


aS R 


os Citce 


Ove v2. 00 6 





Ov V1 
and, thus, obviously 
0S 0S aS Ré@ R@ 


eee open eating mom ly 
dv, Ov. 00 wy Ve 
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Hence the differential Eq. (21) is compatible 
with proposition (a). 

One easily sees that, for instance, the differ- 
ential @dv,+-dv2+d0 is incompatible with propo- 
sition (a). Hence proposition (a) precludes the 
possibility of processes corresponding to the 
above differential. 

We finally mention the obvious fact that for 
every pair of functions of two variables there 
exist many functions whose partial derivatives 
are proportional to the functions of the pair. 
For instance, if 


0S aS ou Ou 
—i—=P(v.t)+(—) (=) ‘ 
ov 06 Ov/» \00/, 
then, for every function f of one variable if 
T(v, 6) =f(S(v, 6)), we have 


OT dT aS aS 


dv 00 dv 00 

Similarly, if a triple of functions or a differential 
in three variables, such as Eq. (21), is integrable, 
there exist many functions S satisfying the 
required conditions. One of them is selected 
according to physical principles and called the 
entropy. 

(b) The nature of the integrating denominator.— 
The ratio 

(8S/dv) :LP(v, 6) + (du/dv) 6] 


which, by statement (a), is equal to the ratio 
(05/06) :(8u/00),, is independent of v. If we 
denote this ratio by 1/N(@), then N(@) is called 
an integrating denominator of the pair of functions 
P(v, 0)+(du/dv)o, (8u/00), or of the correspond- 
ing differential. 

While the exactness of this pair of functions of 
two variables, and hence the existence of some 
integrating denominator, is provable (as we 
emphasized in discussing ‘statement (a), the 
existence of a particular denominator, namely, of 
a denominator which is independent of v (asserted 
in statement (b)), is a law of nature. This law 
precludes, for instance, the possibility that 


P(v, 0)+(du/dv)s=v and (du/d6),=e”. 


Statement (bd) is even more restrictive with 
regard to processes in which two or more sub- 
stances (at the same temperature @) are involved. 
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But we see that the differential Eq. (21) satisfies 
the condition of statement (b) since N(6)=6 is 
an integrating denominator. 

From statements (a) and (b) in conjunction 
with the first law we obtain 


os os 
—(v(t), 0(¢))v’(t) +— (0), 0(4))0’(2) 
ov 06 


, 


_POo(t), 0(¢)) + (u/a0)s 
. N(6(¢)) 
(ou/a0).0") a) 
N(ot)) (0) 
If for every moment ¢ we set 


s(t) = S(v(t), 0(4), 


we have 


s'(t) =q'()/N(6()) 


& dq(t) 
to N(6(t)) 


and 


S(t1) — (to) = 


The last Stieltjes integral might be used as a 
definition of s(#) even in cases when q(t) is a not 
differentiable function. 

As a corollary, we deduce: If Igo is an adia- 
batic quasistatic process for which g(#) = qo during 
the period t.<t<t,, then s(t:)—s(t))=0. In 
words: During an adiabatic quasi-static process, 
the entropy remains constant. This statement is 
also valid for processes in which two or more 
substances are involved. 

(c) The monotony of the entropy. During an 
adiabatic generalized process I’ the entropy never 
decreases. 

Since we have just seen that during an adia- 
batic quasi-static process the entropy remains 
constant we first illustrate statement (c) by a 
nonquasi-static process during which the entropy 
increases ; secondly, we mention a process during 
which the entropy decreases and which, conse- 
quently, by statement (c) is impossible in nature. 

We let an ideal gas undergo the nonquasi-static 
process mentioned in Sec. 1 in such a way that 
both containers are adiabatically isolated from 
the rest of the world. Then we have 


v(t1) = 29, 
for w&<t<h. 


v(to) =o, 
q(t) =o 
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Experience shows that the temperature also 
remains constant during this process 


6(t) =O for it et 


In analogy to formula (22), for the entropy of 
an ideal gas characterized by its volume v and 
its temperature 6, we obtain expression S(v, @) 
=R logu+c log@. If s(t) denotes the entropy of 
the gas at the moment #¢, we thus have 


s(t) = S(vo, 60), s(ty) = §(2vo, 60) 

(to) = S(vo, 00) = R loguo+c logé 

$(t1) = S(2v0, 00) = R log(2v9) +c log4, 
thus 


S(to) <s(t,). 


A nonquasi-static process precluded by state- 
ment (c) is the reverse of the above expansion, 
that is, a spontaneous adiabatic contraction of 
a gas to half of its initial volume. Since in this 
case 


S(to) =S(2v0, 8), $(t1) = .S(vo, 90) 


we should have 
$(to) > s(t) 


which is impossible by statement (c). 


Appendix. Which Processes are Thermo- 
dynamically Equal? 


Let M be a continuous motion of a particle in the (x, y)- 
plane. We describe M by two continuous functions X (2) 
and Y(t), both defined for the interval t)<t<t, where, for 
every t of this interval, X(t) denotes the abscissa, Y(t) the 
ordinate of the particle at the moment #¢. By the érace of 
the motion M we shall mean the set (or locus) of all 
points (x, y) traversed by the moving point; that is, (x, y) 
belongs to the trace of M if, and only if, there exists at 
least one number ¢ such that to<t<t, and x=X(#) and 
y= Y(t). 

Now let M* be a continuous motion of a particle in the 
same plane, described by the two functions X*(u) and 
Y*(u) both defined for up<u<u;. The motions M and 
M* are identical if, and only if, they occur during the same 
time interval and, at every moment, the positions of the 
two particles are identical; that is, if, and only if, tp=wo, 
4;=u, and X(s)=X*(s), Y(s)=Y*(s) for every s of the 
interval. 

Besides this strict identity, we are also interested in 
weaker relations between M and M*. For instance, we 
might call M and M* kinematically equal if they differ only 
inasmuch as they occur at different time intervals but 
become identical if one of the clocks used in describing the 
motions, say the second, is advanced by ¢ time units; that 
is, if and only if ts =uo+c, t:=uitc, X*(u) =X(u+c), and 
Y*(u) = Y(u+c) for every u between uo and 1. 
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We might call M and M* kinematically similar if they 
become identical when the second clock, at the moment 0, 
is accelerated in the ratio 6:1 and then advanced by c 
time units; that is to say, if tp=buo+c, t, =buitc, X*(u) 
=X(bu+c), and Y*(u) = Y(bu-+c) for every u between uo 
and 2. 

When shall we say that M and M* are geometrically equal 
or, as it is also expressed, that M and M* determine the 
same path? A necessary condition is, of course, that M and 
M* have the same trace. But this condition is by no means 
sufficient. For the mere trace of a motion does not, for 
instance, determine the length of the path traversed, and 
certainly this length is geometrically relevant. For example, 
if we merely know that the trace of a motion is the set of 
all points on the circle x?+y?=r?, then we know that the 
length of the path is at least 2rr. But it is 2nzr, if the 
moving particle traverses the circle ” times according to 
the equations x =r cosni, y=r sinnt for 0<t<2z. In fact, 
any number >2zr is the length of the path of some 
motion having the above circle as its trace. 

A sufficient condition for geometric identity is kinematic 
equality or similarity. But even similarity is by no means 
necessary. If, for instance, Mj is described by 


x=rcosvV/t, y=rsiny/t for 0<t<4x? 
and M;* is described by 
x=rcosu, y=rsinu for O<u<2z, 


then M, and M;,* are not kinematically similar although 
they are equal in every geometrical respect. 

These remarks show that the geometric equality of 
motions or the equality of their paths is less than their 
kinematic similarity and more than the mere identity of 
their traces.® 

In the last example as in the case of kinematically 
similar motions we see that the time intervals 0<i<47? 
and 0<u<2z during which the motions take place, are 
monotonically related in such a way that in related 
moments the positions of the particles are identical. The 
relation is established by the function ¢ =u? which amounts 
to a (nonlinear) distortion of the time scale satisfying the 
condition of monotony. For if the moment u’ precedes 
the moment wu”, then the moment ¢/=w’ precedes the 
moment t” =’’2, 

Next we consider the following two motions along the 
X axis: M2 described by the functions 


2t for O<t<1/2 


1 for 1/2<#<1’ Y(t) =0 for O<t<1, 


xo-| 


6 A path can thus be defined either as a class of motions 
(namely, as the class of all motions which are geometrically 
equal to any motion of the class) or as a trace with some 
additional information (namely, information from which 
we can infer the way the trace has been traversed). This 
intrinsic definition of a path has been developed in the 
author’s note “Définition intrinséque de la notion de 
chemin,” Comptes Rendus 221, 739 (1945). In what follows, 
we apply the first definition to thermodynamical processes. 
But also our intrinsic definition can be applied to thermo- 
dynamics. 
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and M;* described by the functions 


Su for 0<u<1/3 
1/2 for }<u<2/3, 
3u—} for 3<u<l 


X(u) = Y(u) =0 for 0<u<1. 


The first particle moves from (0,0) to (1,0) and rests 
there for one-half time unit; the second moves from (0, 0) 
to (4,0), rests there for one-third time unit, and then 
moves to (1, 0). We call }</<1 and 4<u<3 rest intervals 
of the two motions. In the case of M2 and M2* it would 
be impossible to establish a one-to-one relation or a strictly 
monotonic relation between the time intervals in such a 
way that at related moments the positions of the moving 
particles are identical. Yet M2 and M;* are equal in every 
geometric respect. For the differences regarding the speed 
or the rest intervals are kinematic rather than geometric. 
The motions Mz and M,.* become identical if the clocks 
by means of which we describe the motions are changed in 
the following way. We let the first clock stop between 
t=} and ¢=1 so that the entire motion takes place between 
t=0 and ¢=}. The second clock is decelerated in the ratio 
3:4 between u=0 and u=} so that the first part of M2* 
takes place between 0 and 4}; between u=} and u=} we 
let it stop; between u=} and u=1 we let it resume its 
decelerated rate so that the third part of M2* takes place 
between { and }. If the clocks are adjusted in this way, 
at every moment the positions of the particles are identical. 
Since we have achieved this identity by merely changing 
the time scales without ever reversing either clock we 
shall consider M2 and M2* as geometrically equal. 
In general, we shall say that two motions 


M given by X(t), Y(é) for to<t<h, 
M* given by X*(u), Y*(u) for u<u<u, 


are geometrically equal if, and only if, we can relate the 
moments between fp and #;, and the moments between uo 
and # in a nonrecurrent way and so that for every pair 
(t, uw) of related moments we have 


X(t)=X*(u) and Y(t)=Y*(u). 
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Here we say that the moments are related in a nonrecurrenl 
way if 


(1) every moment between f and 4; is related to at 
least one moment between wp and 1; and every 
moment between wp and 1; is related to at least one 
moment between #; and #2; 

(2) if t, u as well as #’, u’ are pairs of related mo- 
ments, then the numbers t—?’ and u—vw’ are not of 
opposite signs; that is, it never occurs that one of 
them is positive and the other one negative. 


One readily derives from this definition that if t, u and 
t',u’ are two pairs of related moments such that u<w’, 
then t<?’ and that from t<?#’ it follows that u<u’. One 
further sees that fo, uo as well as ft, u: is a pair of related 
moments. If one moment of a rest-interval of either 
motion is related to a moment of the other motion, then 
every moment of the rest-interval is related to the same 
moment of the other motion. One can easily prove that 
for geometrically equal motions the paths traversed have 
the same length. 

Now let II and II* be two thermodynamical processes. 
For the sake of simplicity we shall assume that II is 
determined by two functions v(#) and 6(¢) for o<t<t; and 
II* by two functions v*(¢*) and 6*(¢*) for to* <é*<t:*. The 
extension of the subsequent remarks to processes whose 
characterization requires more than two functions presents 
no more difficulties than the extension of what has been 
said about motions in the plane to motions in a space of 
three or more dimensions. 

We say that II and I* are thermodynamically equal, if 
the motions in the (v, @)-plane described by 

v(t), 0(t) for to<t<h 
and 
v*(t*), O*(t*) for to*<t*<t,* 
are geometrically equal. 

One readily proves that if the processes II and II* are 

thermodynamically equal, then 


J 'Po@, o@ydoe = J", POE"), O°) )do*(e. 


Some scientists regard an interest in the history of their subject as mere antiquarianism, and it 
may be that the very remote past consists largely of mistakes to be avoided. But it deserves to be re- 
membered that the history of any scientific discipline intimately determines the current modes of 
investigation. The frames of reference which appear eligible at any given epoch, the instruments 
accepted as respectable, and the types of ‘‘fact’’ taken to have evidential value are historically condi- 
tioned. To pretend otherwise is to claim for human reason, as manifested in scientific progress, 
a universality and fixity it has never manifested—Max Buack, ‘‘The Definition of Scientific 
Method,”’ Science and Civilization, Edited by Robert C. Stauffer (The University of Wisconsin 


Press, Madison, 1949). 





Principles of Colorimetry 


DonaLp J. LovELL 
Naval Research Laboratory, Washington 20, D. C. 


E are all acutely conscious of the world of 

color about us, yet few of us can ade- 
quately describe it. If asked to define color, most 
physicists would likely resort to a description 
involving such quantities as wavelength and 
intensity ; however, a chemist, a psychologist, or 
physiologist might describe color entirely differ- 
ently. The chemist is conscious of color as a 
quality concerning a pigment or a dye. The 


psychologist and physiologist describe color in ° 


terms of visual perception. 

Since very few textbooks treat color by a 
modern method,! the intent of this paper is to 
outline what the Committee on Colorimetry of 
the Optical Society of America and the Inter- 
national Commission on Illumination (ICI) have 
done, and what is being done, in presenting a 
unified description of color. Their task has been 
to harmonize the ways in which physicists and 
psychologists describe color. The first attempt 
to collect all of this information is being made 
by the Committee on Colorimetry of the OSA. 
Their report has been printed in part in the 
Journal of the Optical Society of America and the 
entire report is due to be published soon. 


A Psychological Color Classification 


The early studies of color classification brought 
forth what is known as a color sphere. Deane B. 
Judd, physicist for the National Bureau of 
Standards, describes the evolution of the color 
solid in about this manner: Assume that a man 
on a desert isle finds a trunk full of colored 
papers and attempts to classify the colors. After 
spreading them out in random fashion, he notices 
that several of them lack an important character- 
istic possessed by the others. They lack hue. 
Hue can be described by such familiar terms as 
red, orange, yellow, green, blue etc. The colors 
that lack hue are black, gray, and white. 

As a result of this observation our hypothetical 
observer separates the colors into two classifica- 
tions: the chromatic colors that have hue, and 


_ | Notable exceptions are found in the last two references 
in the bibliography at the end of this paper. 


the achromatic colors that lack hue. He now turns 
to the chromatic colors and divides them into 
groups, putting all the reds together, all the blues 
together, and so on. He further notices that 
intermediate groups are found that form a con- 
tinuous circle, ranging from red through orange 
to yellow, and then through green to blue and 
violet. Purple completes the circle back to red. 
This is classification by hue. 

The achromatic colors are then separated into 
a single series from black through the grays to 
white. Now, examining all the colors of one hue, 
the observer notices that some of the colors are 
darker or lighter than others. Further, he finds 
that he can match this lightness to the grays of 
the achromatic colors, which he has just sorted. 
Thus, he finds the equivalent gray and classifies 
his colors by brightness. We commonly use this 
term to refer to a color as bright or dim. 

When this is done, he notices another char- 
acteristic still to be considered. This character- 
istic is saturation. We think in terms of vivid, 
strong; or weak in this connection. For the 
achromatic colors the saturation is zero, while 
the saturation of the chromatic colors is greater 
than zero. If we consider a stimulus composed of 
both a chromatic and an achromatic color, the 
saturation is increased by increasing the amount 
of the chromatic color. — 

By these means our observer has divided the 
colors into various classifications. By placing all 
of the colors of the same brightness on one disk, 
with the hues placed consecutively around the 
disk, and the saturation increasing outward from 
the center, and similar disks of different degrees 
of brightness placed in order of that brightness 
above and below, the color solid is evolved. From 
this experiment, we learn the three attributes of 
color that will serve to identify it by color 
sensation. These are hue, brightness, and satura- 
tion. 

Many such color solids have been assembled 
for matching a sample by visual comparison. 
Familiar solids have been prepared by Munsell, 
Maerz and Paul, the Bureau of Standards, 
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Ostwald, and many others. All of these systems 
depend upon obtaining a visual judgment made 
with the unaided eye of hue, of brightness, and 
of saturation. Experience shows that there is a 
divergence in the color judgments obtained from 
several observers. Thus, when accuracy is de- 
sired, the opinions of a multitude of observers 
must be averaged. To avoid this, methods of 
specifying colors have been devised whose results 
are expressed in terms of the judgment which 
would be made by a standard observer. In these 
spectrophotometric methods, visual observations 
are eliminated or reduced to chromatic brightness 
matchings. Spectrophotometry gives a physical 
basis for the definition of color in terms of the 
judgment of a “‘standard observer.”’ 


The Young-Helmholtz Theory 


It is a well-known fact that the eye is not a 
selective instrument. The ear can detect two 
separate vibrations as such. That is, if a violin 
and a trumpet are sounded simultaneously, the 
ear has little difficulty in recognizing that two 
instruments are emitting sound. On the other 
hand, the eye cannot distinguish two super- 
imposed colors as such. Taking advantage of 
this fact Young, and later Helmholtz, found 
that it is possible to color-match any given light, 
using a combination of three primary sources. 

What Young and Helmholtz did, then, was to 
show that with three primaries, any given color 
could be matched. It was learned that occa- 
sionally one color was found that could not be 
matched by direct addition of the three pri- 
maries. However, it was always found that if one 
of the primaries was added to the given color, 
then the other two primaries would produce a 
color match with the combination of the sample 
and the third primary. 

Consider that this experiment is repeated 
using three monochromatic primaries of, say 
450 mu, 550 muy, and 620 mu. We will illuminate 
one side of a photometer field with monochro- 
matic light, varying it through the visible spec- 
trum. Throughout this experiment the energy of 
the monochromatic source is to be held constant 
while its wavelength is varied. 

We begin the experiment by choosing the 
monochromatic source to be of the same wave- 
length as one of the primaries, say 620 mp. We 
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will find that a certain amount of that one 
primary and zero amounts of the other two are 
then needed for a color match. We will set the 
value of the primary used at 100 for convenient 
comparison purposes. This procedure will then 
be repeated at the two other primary wave- 
lengths, again choosing the amount of the re- 
quired primary at 100, and the other two zero, 
of course. 

Following this, the monochromatic source is 
varied from wavelength to wavelength through- 
out the visible spectrum, and the values of the 
three primaries required to produce a color match 
are determined. Figure 1 shows the results of 
this experiment as they would be obtained by a 
standard observer. The amounts of the three 
primaries required to reproduce a spectrum color 
are represented by the letters a, 8, and y; and 
are called tristimulus values. 

It is to be noted that each of these curves 
occasionally dips below the horizontal axis, or 
has negative values. These are the regions where 
that primary must be added to the monochro- 
matic source, and the color match is then effected 
by the other two primaries. - 

The interpretation of color vision by the 
Young-Helmholtz theory is that the eye contains 
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Fic. 1. Color mixture data for monochromatic primaries 
of wavelength 450 my, 550 my, and 620 mu. 
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three independent color-sensitive receptors. On 
this basis, the three curves of Fig. 1 might be 
regarded as representing the individual spectral 
sensitivities of the three radiation detectors in 
the eye. The negative portions of the curve 
would then be assumed to be places where the 
sensation is inhibited rather than stimulated by 
that wavelength. Maxwell carried out experi- 
ments in the attempt to verify the Young- 
Helmholtz theory in 1854. He was followed by 
Koenig and Dieterici in 1892 and by Abney in 
1913. This work, however, was of only academic 
interest until 1922. At that time, the colorimetry 
committee of the OSA summarized and repub- 
lished these results. This enabled the physicist 
to base tristimulus specifications on spectro- 
photometric data, and to avoid many of the 
uncertainties of colorimetry. 


Evaluation of the Tristimulus Values 


In 1928, both Wright and Guild, working 
independently in England, redetermined these 
fundamental data, using carefully picked ob- 
servers. They used different primaries, but when 
the work was reduced to a comparable basis the 
two methods agreed remarkably well. 


TRISTIMULUS VALUES 


450 500 550 600 650 


WAVELENGTH 


Fic. 2. Tristimulus values for the various spectrum 
colors. The values %, g, 2 are the amounts of the three 
ICI primaries required to color-match a unit amount of 
energy having the indicated wavelength. 
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There appears to be no anatomical evidence to 
verify the Young-Helmholtz theory. Further, we 
have selected our three primaries quite arbi- 
trarily. Notwithstanding, this theory of three 
independent color-sensitive receptors gives ex- 
ceptionally fine results. 

The selection of the three primaries is clearly 
quite arbitrary. However, it can be shown that a 
linear relationship exists between the respective 
tristimulus values of the primaries used by 
different observers. It would be convenient to 
use primaries which yield tristimulus values 
which are positive throughout. However, no 
such curves are to be found experimentally. 
Nevertheless, applying a mathematical transfor- 
mation that exists between two sets of primaries, 
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Fic. 3. Spectral reflectance curve of a substance whose 
dominant wavelength is 580.5 my, purity is 56 percent, 
and luminance is 51 percent. 


it is possible to find a combination of three 
imaginary primaries, each of which gives positive 
values. 

The ICI in 1931 adopted a set of positive 
primaries illustrated in Fig. 2. These tristimulus 
values (%, 7, and Z) have the further advantage 
that the 9 values correspond to the luminosity 
curve of the human eye. This advantage will 
soon be discussed. 

A psychological, or subjective, interpretation 
of these three tristimulus primaries can be given 
in the following manner. The value of @ repre- 
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sents a primary which is a reddish purple of 
higher saturation than any obtainable color of 
this hue. The value of g represents a green 
primary whose dominant wavelength is 520-my, 
but of considerably more saturation than any 
spectrum color. The value of Z represents a blue 
primary that is considerably more saturated than 
the spectrum color whose wavelength is 477 muy. 

If the sample stimulus is not monochromatic 
(which is the usual case), these curves can still 
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. 4. Relative spectral distribution of the energy radiated 
per unit time by ICI illuminant “C”’ 


be used to form the desired computations. 
Calling the energy distribution of the sample 
stimulus Ey, the amount of each primary re- 
quired for a color match (%, g, or Z, respectively) 
can be found by multiplying E, by the corre- 
sponding values of Z, g, and Z for each wave- 
length, and summing the results. We can, there- 
fore, represent this mathematically by the 
following integrals: 


x= f #E,dyx 
0 


Y= f gE,d 
0 


z-{ ZE)dx. 
0 


Frequently, the stimulus £, represents radia- 
tion reflected or transmitted by a material, the 
color of which we are interested in measuring. 
Both transmitted and reflected light can be 
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Fic. 5. Chromaticity diagram. 


treated in the same way; so for convenience, we 
will confine our discussion to reflected light. 

We may determine the spectral reflectance of 
a given sample directly with the use of a spectro- 
photometer. Such a response is given by Fig. 3 
for a particular sample. The color will still 
depend on the choice of the light source so the 
ICI has adopted standards of illumination. The 
one most generally used is ICI illuminant “C”’ 
which approximates average daylight. The Bu- 
reau of Standards provides this source in the 
form of a tungsten lamp operating at a color 
temperature of 2838°K and provided with a 
suitable filter. The relative spectral distribution 
of such a source is given by Fig. 4. 

If the sample of Fig. 3 then, is illuminated by 
illuminant ‘‘C,’” we may represent the resultant 
reflected energy as the sum of the products of R 
(the reflectance of the sample) and E,(A) (ICI 
illuminant ‘‘C’’) taken wavelength ,by wave- 
length. Thus, at any wavelength, the reflected 
energy is that of illuminant “C’”’ as modified by 
the reflectance of the sample. We may replace 
FE, in the above equation by RE,(A), giving us: 


X= f @RE,(d)dd 
0 

Y= f gRE.(d)dd 
0 


z= f ZRE.(A)dX. 
0 
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It is obvious that the exact evaluation of the 
above integrals will present a difficult problem, 
sO we approximate the desired results by taking 
finite sums. The above equations then become: 


780 mp 


X= ¥ @RE.(A)Ad 
380 
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Chromaticity Coordinates 


Applying the rarely used method of weighted 
ordinates, the intervals of AX are made equal in 
computing the sums. The values of E.é, E.g, and 
E.2 are to be found tabulated in the Handbook 
of Colorimetry.2 The values of R at the midpoint 
of each AX group are then chosen from the 
reflectance curve and multiplied by the proper 
E.é factor. Summing these provides a figure 
proportional to X. Similarly, the values of Y 
and Z may be found. 

More frequently the method of selected ordi- 
nates is used. The products, E£,(A)ZAX are 
summed up and the total divided into a number 
of equal divisions. By this method the wave- 
length scale is broken down into sections con- 
taining equal fractions of the total weiglited 
energy. For the wavelengths of the midpoints of 
each section, corresponding values on the reflect- 
ance curve can then be found. The sum of these 
values is proportional to X and the proportion- 
ality factor is found in the Handbook of Color- 
imetry. Similarly, the values of Y and Z are 
found by this method. The advantage of this 
system is, of course, that fewer computations are 
needed. The wavelengths selected for this method 
are also tabulated in the Handbook of Color- 
imetry. 

Having found the tristimulus values X, Y, 
and Z, we are now prepared to define and 
evaluate the chromaticity coordinates (or trichro- 
matic coefficients, as they were called). These 
are defined as the fraction of the three color 
standards required to produce a color match. 


2A. C. Hardy, Handbook of colorimetry (Technology 
Press, Cambridge, Massachusetts, 1936). 


DONALD J. 


LOVELL 


These can be expressed as: 


x=X/(X+Y+Z) 
y=Y/(X+Y+2Z) 
2=Z/(X+Y+2Z). 


Since x+y+z=1, only two of these quantities 
are required to determine specifically a color 
match. Furthermore, by choosing two of these 
variables, say x and y, as Cartesian coordinates, 
we may locate a color graphically. 


A Spectrophotometric Description of Color 


If we were to plot the chromaticity coordinates 
(x and y) of the spectral colors on such Cartesian 
coordinates, we would obtain the horseshoe- 
shaped diagram shown in Fig. 5. This is called a 
chromaticity diagram. All reai colors must lie 
within this boundary. Further, it can be shown 
that any combination of two colors lies on a 
straight line joining these colors on the chroma- 
ticity diagram. 

We may also plot the chromatic coordinates 
of the ICI illuminants on this diagram. The ICI 
illuminant ‘‘C’’ is designated on the chromaticity 
diagram of Fig. 5 by the letter C. 

The chromatic coordinates of the sample 
whose reflectance curve is illustrated in Fig. 3 
are located by the letter S on this diagram. This 
point S may be considered as a mixture of the 
ICI illuminant “C’”’ and a pure color. The spec- 
tral color thus designated is referred to as the 
dominant wavelength of that particular color. In 
the case of the sample shown, the dominant 
wavelength is 580 my. Dominant wavelength, as 
defined here, is seen to be comparable to hue as 
discussed earlier in this report. 

This applies to any of the colors except the 
purples. The purples may be designated by their 
complementary color, or complementary domi- 
nant wavelength. Since complementary colors 
are defined as those which when added in the 
proper proportions will produce white, we find 
the complementary wavelength by the continu- 
ation of the line joining the white illuminant 
and the sample -to the other side of the spectrum 
locus. Complementary colors thus will lie on a 
straight line through the point of illuminant ‘‘C.”’ 

A second characteristic of color that evolves 
from the chromaticity diagram is purity. This 
characteristic is defined as the ratio of the length 
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of line connecting the illuminant point and the 
sample point to the length of line connecting the 
illuminant point and the spectrum locus when 
drawn through the sample point. We can express 
this by the equation: 


P=(Y,- Y.)/(Yi- Y.) =(X.—X-)/(X1—- Xe), 


where the subscripts s stand for sample, ¢ for 
illuminant “C” and / for the spectrum locus; 
and the x’s and y’s are the chromatic coordinates 
designated by these subscripts. Purity as now 
defined is seen to be comparable with saturation 
as discussed previously. We see that a pure 
spectral color has a purity of 100 percent, all 
other colors less, while the grays, black, and 
white have zero purity. 

We have not yet completely determined a 
color match by these two dimensions. It has 
been shown that it was also necessary to classify 
colors by their brightness. Since the tristimulus 
values 7 was chosen to coincide with the lumi- 
nosity curve of the human eye, we may compare 
the value of Y appropriate to the reflectance 
shown in Fig. 3 to corresponding values of Y 
that would be obtained if the sample were a 
perfect reflector. The quotient thus formed is a 
"measure of the luminous reflectance of the sub- 
stance measured, and is comparable to the 
brightness as discussed earlier. 

From these considerations, we find the sample 
of Fig. 3 to have the following characteristics: 


580 my 
56 percent 
51 percent. 


Dominant wavelength 
Purity 
Luminous reflectance 


We see now that it is possible to measure a 
color in terms of these three characteristics. 
They are determined from the tristimulus values, 
which in turn are determined from the reflectance 
or transmittance curve of the sample. Spectro- 
photometers have been built to draw curves 
automatically, and to evaluate the tristimulus 
values while in operatiqgn. The chromatic coordi- 
nates can easily be computed from these tri- 
stimulus values to determine the dominant 
wavelength and purity by means of the charts 
in the Handbook of Colorimetry. 
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The value of Y is already proportional to the 
luminous reflectance. Thus, the characteristics 
of color (dominant wavelength, purity, and 
luminous reflectance) can be determined quickly 


from the curve given by a recording spectro- 
photometer. 


Summary 


In conclusion, let us review what color means 
in terms of this paper. Color is an index to that 
capacity of an object which modifies the visual 
sensation produced by incident light. This modi- 
fication depends upon the selective absorption 
of the object. Color therefore depends upon the 
spectral distribution of the incident radiant 
energy, the selective absorption of the reflector, 
and upon the psychophysical functions of human 
vision. 

The Committee on Colorimetry of the Optical 
Society of America defined light as ‘‘that aspect 
of radiant energy of which an observer is aware 
through the visual sensations which arise from 
the stimulation of the retina of the human eye.” 
This is a psychophysical concept. Upon this 
basis, ‘“‘Color consists of the characteristics of 
light other than spatial and temporal inhomo- 
geneities.” 

The characteristics of color are determined in 
terms of: (1) the dominant wavelength, (2) 
appropriate photometric quality, and (3) purity. 
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OST textbooks of college physics do not use 

the qualitative concept of the vector cross 
product for describing the interactions of electric 
currents with magnetic fields. The introduction 
of the concept is feasible and desirable. The 
consistent use of the concept simplifies the 
teaching of these phenomena and reduces the 
number of rules a student is required to remem- 
ber. The easily confused right-hand and left-hand 
rules for motors and generators can be replaced 
by a simpler and more logical rule. The concept 
can be developed in successive stages, beginning 
with the right-hand screw rule for the determi- 
nation of the magnetic field about a wire con- 
ducting current. 

Increased emphasis is being placed upon the 
fact that an electric current in a metallic con- 
ductor consists of a flow of electrons from points 
of low potential to points of higher potential. 
However, it may be pointed out to the student 
that for the purpose of analysis it is immaterial 
whether a current is considered as a flow of 
electrons or whether it is considered as a flow of 
positive charges from points of high potential to 
points of lower potential. By retaining the classi- 
cal and conventional description of an electric 
current, the concept of the vector cross product 
can be profitably employed. The method of 
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Fic. 1. Right-hand screw rule applied toa . 
conductor carrying current. 
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developing the concept is outlined here, with 
accompanying illustrations. 

Electromagnetic phenomena are first encoun- 
tered with the fact that magnetic fields are 
associated with electric currents. When electrical 
charges flow along a wire the direction of the 
magnetic flux lines around the wire due to the 
current can be determined by the right-hand 
screw rule, as is given in many textbooks. If the 
screw shown in Fig. 1 advances in the direction 
of the positive current, then the direction of 
rotation of the screw gives the direction of the 
magnetic lines of force around the wire. If now 
the wire is bent into the form of a loop, it is seen 
that by the application of the right-hand screw 
rule, all the magnetic lines of force enter at one 
face and emerge from the other. A simple exten- 
sion of the right-hand screw rule shows a recipro- 
cal nature; by rotating the screw in the direction 
of the current, the screw advances in the direc- 
tion of the magnetic lines of force. This latter 
form of the rule is particularly useful for finding 
the magnetic poles of a solenoid conducting 
current. Since conductors in the form of coils of 
wire or solenoids become magnets when con- 
ducting currents, then when they are placed in 
magnetic fields and are free to rotate, such as in 
d’Arsonval galvanometers, the direction of rota- 
tion of the coils becomes apparent. 

The usual description of the interaction of 
electric currents with magnetic fields employs 
the Faraday concept of lines of magnetic field 
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Fic. 2. Right-hand screw rule applied to electrical charge 
moving in a magnetic field. 
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THE VECTOR CROSS PRODUCT 


strength acting like stretched rubber bands. This 
concept is useful, but by a slight extension of the 
familiar right-hand screw rule, the concept of 
the vector cross product may be introduced 
which gives the interactions of electric currents 
with magnetic fields directly. This interaction 
may be considered from the point of view of the 
individual free charges in a conductor. 

If there are n free charges per unit volume in 
a wire, each of charge g, traveling with a speed v 
along the wire of cross-sectional area A, then the 
current will be J=nqvA. Each charge in motion 
contributes to the magnetic field whose direction 
is given by the right-hand screw rule. If the 
moving electrical charge is in a magnetic field, 
there will be an interaction between this mag- 
netic field and the field of the moving charge. 

If the flux density of the field is B, the force 
exerted on the moving electrical charge will be 
f=quvB sin@/10, where @ is the angle between v 
and B. The force f is in dynes when gq is in ab- 
coulombs, B is in gauss, and v is in centimeters 
per second. The direction of the force is given 
by the right-hand screw rule. If the direction of 
v is turned into B through the smaller angle of 
Fig. 2, then f is the direction a right-hand screw 
would advance. Since the force f is perpendicular 
to the plane determined by v and B, it is a 
centripetal force. When @=90° the path of the 
charged particle is a circle whose radius is given 
by qvuB=mv*/R. The cyclotron is an application 
of this condition. 

When a wire conducting a current J is in a 
magnetic field of flux density B, each moving 
charge g is subjected to the force f. The number 
of charges in a length L of wire is N=nLA. 
The total force on the charges is 


nLAqvB sin@ 
Niarctaeascce 


(1) 


The direction of F is given by the right-hand 
screw rule (vector cross product) and F is 
perpendicular to the plane determined by J and 
B as shown in Fig. 3. 

When a loop of wire conducting a current is in 
a magnetic field, the right-hand screw rule can 
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Fic. 3. Force exerted on a conductor in a magnetic field. 


be used in either of two ways to obtain the 
motion of the coil. The direction of F on the 
sides of the coil can be obtained as shown in 
Fig. 3, or the screw can be rotated in the direction 
of the current to obtain the direction of the flux 
of lines emerging from the face of the coil. 

If a straight wire conducting a current J: is in 
the vicinity of another straight wire conducting 
a current J;, the direction of the force on the 
conductors can be obtained by application of the 
right-hand screw rules. The direction of B, is 
obtained from the first form of the rule, and the 
magnitude of B, is given by the law of Biot and 
Savart. The direction of the force F on the 
current J, is given by the cross product, and for 
currents in the same direction as illustrated in 
Fig. 4, the force is one of attraction. The magni- 
tude of the force is given by Eq. (1). 

If a loop of wire is rotated in a magnetic field 
by some mechanical means so that the sides move 
in the direction indicated by v in Fig. 5, then 
every charge g in the wire experiences a force 
f=qB siné. The direction of f is perpendicular 
to the plane containing v and B and, by the 
right-hand screw rule, is the direction indicated 
by 7, in Fig. 5. Consequently, if the ends of the 
wire are connected by a resistor the charges g 


L 


Fic. 4. Interaction force between parallel conductors. 
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Fic. 5. Right-hand screw rule applied to a coil carrying a 
current in a magnetic field. 


will move with a speed wu along the wire. But 
this constitutes a current i,=nquA along the 
wire. A wire conducting a current 7, in a magnetic 
field is subjected to a force F whose direction, 
as given by the vector cross product, is 180° 
from v. Thus the mechanical force F’ required 
to maintain the speed v of the wire must be equal 
and opposite to F. The existence of the force F 
is convincingly demonstrated by using a hand 
cranked generator or magneto, and alternately, 
opening and shorting the output. 

When a current 7, is sent through a coil as 
shown in Fig. 6 and the coil is free to rotate in 
a magnetic field, the moving charges represented 
by the current 7, will have a force exerted on 
them. The direction of this force, as given by 
the vector cross product, is the direction v. 
Hence a torque is exerted on the coil causing it 
to rotate. If the arrangement is such that the 
coil can be made to rotate continuously, a motor 
is obtained. But if electrical charges move 
through a magnetic field in the direction v, a force 
will be exerted on them. The direction of this 
force as given by the right-hand screw rule is 
designated by i,. The emf generated by the coil 
rotating in the magnetic field tends to produce a 
generated current 7, in opposition to the motor 
current 7, so that the net current into the motor 
may be regarded as t=7,,—i,. This is the back 
emf generated by the motor. 


Fic. 6. Torque exerted on a coil carrying a current 
in a magnetic field. 


When a bar magnet is brought up to a coil of 
wire, the direction of the current can be readily 
determined, for if a right-hand screw is advanced 
in the direction of the magnetic lines of force in 
the coil, the rotation of the screw gives the 
direction of the current in the coil windings. 
The vector cross product can also be used for 
explaining the skin effect resulting from the self- 
inductance of a wire. As the magnetic field is 
being established and moves outward from the 
wire, this motion is equivalent to having electri- 
cal charges move in the opposite direction. The 
vector cross product shows that a back emf 
must be generated. 

The right-hand screw rule may be summarized 
as follows: 

(1) When the screw advances in the direction 
of the current, the rotation of the screw gives the 
direction of the magnetic lines of force. 

(2) When the screw is rotated in the direction 
of the current in a coil, the screw advances in 
the direction of the magnetic lines of force. 

(3) The direction of the force on positive 
charges moving in a magnetic field is given by 
the advance of a screw when the screw is rotated 
such that the direction of motion of the charges 
is turned towards the direction of the magnetic 
flux through the smaller angle, i.e., v towards B 
for 6 less than 180°. 


In other words, we must set our sights not on what we would like to know, but first on what we do 
know with certainty—Max PLANckK, The Meaning and Limits of Exact Science. (Science 110, 


319 (Sept. 30, 1949)). 
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Competitive Test for High School Students 
in Southern California 


NE objective of the Southern California Section of the 
AAPT has been to encourage a closer relationship 
and understanding between the teachers of physics in 
high schools and colleges. Soon after the formation of the 
section it was agreed that an annual competitive physics 
test for high school students sponsored by the section 


would do much to promote an interest in physics on the’ 


part of students and would at the same time furnish a 
definite tie between the section and the high school 
teachers in the area. It was believed that the content of 
the examination would indicate to the high schools the 
scope of the material which should normally be covered 
in a thorough high school course in physics. In turn it was 
felt that the comment and discussion resulting from the 
analysis of the examination content would yield consider- 
able information to the college group of the problems exist- 
ing in high school teaching. There was never any intention 
on the part of the section to intimidate or embarrass any 
high school or any high school instructor by showing up 
the lack of preparation of students from a given origin. 
Rather it was intended that the examination would 
furnish a medium of comparison of accomplishments on 
the part of all schools in the Southern California area and 
the means whereby constructive criticism could be pre- 
sented and improvement secured. 

With the above objectives in mind the first annual high 
school test was held on June 2, 1945, less than six months 
after the organization of the section. The participation of 
91 students from 29 different high schools gave great en- 
couragement to the project. This response along with the 
endorsement of many high school teachers launched the 
venture as an annual event. By action of the Executive 
Committee of the section, suitable certificates indicating 
the nature of the award and competition were secured and 
presented to the first ten students in the order of their 
standing in the examination. 

With some experience and considerably more time for 
organization the second annual test was held on June J, 
1946. Scholarships covering a full year’s tuition were se- 
cured from Pomona College, Occidental College, Redlands 
University, and the University of California at Los Angeles. 
The total value of these awards was over $1500 to be 
assigned on the basis of standing in the examination. Addi- 
tional annual scholarships are now available from the 
California Institute of Technology, University of Southern 
California, and Whittier College in addition to those first 
offered in 1946. These scholarships are available through 
the courtesy of the colleges and universities mentioned and 
have a total annual value of over $2500. The assignment 
of the scholarships is controlled by the Executive Com- 
mittee of the section on the basis of the standings as re- 
ported by the Test Committee. Participants must indicate 
their choice of scholarship on the first page of the examina- 


tion. In general the policy has been to assign scholarships 
only to those students ranking in the first fifteen, who re- 
ceive certificates of award from the section. Some idea of 
the extent of the participation may be gained from Table I: 
In order to encourage wide participation throughout the 
Southern California region the examination is given at 
Redlands, Santa Barbara, and San Diego at the same time 
as the main group is taking the test in the Los Angeles 
area. All high school instructors are invited to attend a 
meeting arranged especially for them at the host institu- 
tion in the Los Angeles area during the progress of the test. 
Copies of the test are distributed and discussed. Sugges- 
tions and criticisms are noted for use in preparation of the 
next year’s examination. 

The form of the examination has varied somewhat from 
year to year. The length of the examination has been 
limited to two hours and has at times included matching 
test on definitions, true-false questions, multiple-choice 
questions, and problems covering the general field of 
physics. Main emphasis has always been on the solution 
of problems which are graded on the basis of method as 
well as on accuracy of the answers. The 1949 test consisted 
of sixteen selected problems in the fields of mechanics of 
solids, liquids, and gases, in sound, in heat, in electricity, 
and in light. Students are permitted the use of slide rules. 
All necessary physical constants (and some superfluous 
ones) are tabulated on the first page of the examination. 
The tests are mimeographed and adequate space is pro- 
vided below the statement of each problem for the working 
of each problem. 

In 1947 the test participation was on a team basis 
similar to the test sponsored annually by the American 
Chemical Society. The Test Committee has abandoned this 
procedure as undesirable. It is felt that wider participation 
occurs when the competition is open to all students who 
wish to enter. It is also believed that concentration on a 
few students by the high school teacher is less likely to 
occur. Through this means of wider competition it is hoped 
that many more high school students are stimulated to 
higher proficiency in physics. It is also believed to be a 
more democratic approach. : 

As the range of participation in the Test "became ex- 
tended and its reputation established it became evident to 
the Executive Committee of the section that a “per- 
manent” Test Committee should be established in order to 
insure continuity of procedure. Such a committee was 
established in 1948 and consists of five members elected 
by the section who serve for terms of three years. The 


TABLE I, 


Schools represented Students participating 
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members of the Test Committee are from college and uni- 
versity faculties. High school teachers are not eligible. 
The Test Committee is responsible for the release of 
announcements concerning the nature and time of the 
examination, for the composition of the examination, and 
for its grading. The Committee reports the results of the 
examination to the Executive Committee of the section 
which assigns all scholarships and sends the certificates of 
award to the top fifteen contestants along with copies to 
their respective schools. 

The experience of the last five years indicates clearly 
that the sponsorship of the annual competitive physics 
test for high school students by the section is of great 
value. The original objectives which gave incentive for 
establishment of this activity have largely been realized. 
The carrying forward of the project from year to year 
represents considerable work on the part of the Test Com- 
mittee. The effort seems justified on the basis of the results 
being achieved. It is felt that the test has brought the 
field of physics to the attention of many high school stu- 
dents and that it has in special cases been of great assist- 
ance to worthy students through the generous scholarship 
grants made available through the competition. Although 
no formal study has been made of the college records of 
scholarship recipients, an informal study has indicated 
that they have in general done very well. It is probably 
safe to say that the section is making a great contribution 
to physics in the Southern California area by the sponsor- 
ship of the annual high school physics test. 


V. L. BoLLMAN 
Occidental College 


Los Angeles, California 





The Pronunciation of Electricity 


N his discussion of the pronunciation of electricity, 
Professor Perkins reveals a regrettable misconception. 
Webster’s New International Dictionary lists the following 
accepted pronunciations of electricity, electrician, and 
electrical: 
e-lek’’tris’i-ti_ or el’’ek-tris’i-ti 
e-lek’’trish’an or el’’ek-trish’an 
e-lek’tri-kal. 


The sound of the initial e (“long” in the entries on the 
left, ‘“‘short’’ in those on the right) is dependent on the 
position of the secondary accent (’’), and recession of this 
accent to the first syllable is in accordance with the general 
tendency in English; see Webster, Section 63. In the third 
word this possibility does not exist, because no syllable 
receives a secondary accent. Therefore, what Professor 
Perkins was told at Columbia is correct, but it implies no 
disparagement either of the man who repairs the doorbell 
or of the man who prefers to say el’’ek-tris’i-ti. 

“Long” and “short” applied to classical vowels or syl- 
lables refer to quantities (durations in time), not to qualities 
of sound as in English, and there is no direct correlation 
between the classical quantities and the English qualities.” 
Library comes from liber (i short), “‘book,’’ and liberty 
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comes from liber (i long), ‘free.’ Other examples of the 
lack of correlation will be found in Fowler’s Dictionary of 
Modern English Usage under False quantity. The quan- 
tities are relevant to English pronunciation only so far 
as they determine the accents, which in turn partly deter- 
mine the English vowel qualities. In electricity the accents 
are determined by other factors than the quantity of the 
initial Greek vowel; knowledge that this was efa (long e) 
is therefore of no value in deciding the ‘‘correct”’ English 
pronunciation. 

WILLIAM FULLER Brown, Jr. 


Sun Physical Laboratory 
Newtown Square, Pennsylvania 


1 Henry A. Perkins, Am. J. Physics 17, 398 (1949). 

2 The rules for pronunciation of classical words in English are sum- 
marized in Webster's New International Dictionary (ed. 2), Sections 
269-270. More complete rules are given in old Latin grammars, such 
as that of Harkness (1881). These rules apply strictly only to words 
taken over bodily into English; when the ending changes, as in elec- 
tricity, other changes may occur, and in any case the ultimate criterion 
is usage. 





Larmor’s Theorem in Quantum Mechanics 


T will be shown below that Larmor’s theorem may be 

used in quantum mechanics and gives the correct for- 

mula for the splitting of energy levels in the normal 
Zeeman effect. 

Consider a particle of charge e and rest-mass m acted 
upon by a uniform weak magnetic field H directed along 
the z axis. In classical electrodynamics Larmor’s theorem 
states that the motion of the particle is approximately the 
same as if the magnetic field were removed but the x and 
y axes rotated about the z axis with angular velocity 
eH/2mc. Assume now that H can be introduced classically 
into quantum mechanics. Then its replacement by the 
Larmor rotation means that the eigenstates of x and y 
change their significance, so that the corresponding basic 
vectors |xy) in function space change. We may therefore 
write 

|xy)= U-|xoyo), (1) 
where U is a certain time-dependent unitary operator and 
|xoyo) is equal to |xy) at the instant the field is switched 
on. Function U may be expressed as 


U=e*4tin, (2) 


where A is a certain Hermitian operator. In order to corre- 
spond to the periodicity of the Larmor rotation, U must 
be a periodic function of t, whence A must be time-inde- 
pendent, and the period must be 2mc/neH where x is an 
integer. 

In the usual quantum theory of the Zeeman effect,! H is 
used classically in the Hamiltonian of the atomic system. 
We are therefore justified in using Larmor’s theorem as 
described above. In the absence of an external field, the 
normalized state vector of the system | ,;) is related to 
its value | po) at zero time by 


| Pr) =e *B4lh | Do), (3) 
where E is the Hamiltonian operator and is time-inde- 
pendent. Upon switching on the magnetic field the basis 
|xy) starts to move according to Eq. (1). This motion may, 
however, be changed to that of an extra motion of |P:) 
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by means of a contact transformation, in a manner 
analogous to the transition from the Heisenberg picture 
to the Schrédinger picture. We then have 


|pe')= U| pr) =e tAtlhe-iEUh | po), (4) 


Suppose that the operation U is applied first, then one may 
obtain | p,’) from | 0) by 


| pe’) =e-iFthe-iAtlh| po), (5) 
where F is a certain Hermitian operator, and by equating 
the time derivatives of the right-hand sides of Eqs. (4) 
and (5), we find that E=F, so that A and E commute. 


Now if EZ’ is the Hamiltonian in the presence of the field, 
it is constant since the field is constant, and 


| Pe’) =e *B'h| do), 
whence it follows from Eqs. (4) and (6) that 
E'=E+A. (7) 
Since E and A commute, they can be simultaneously di- 
agonalized, and using the periodicity of U discussed above, 


the eigenvalues of E’ corresponding to the mth eigenvalue 
of E are found to be 


Em’ = Em+neHh/2mc, (8) 
which is the correct formula for the energy levels in the 
normal Zeeman effect. 

This method has the advantage that one does not re- 
quire explicitly the theory of angular momentum operators 
or of the Hamiltonian including an electromagnetic field, 
but has the disadvantage that we cannot carry it further 
to give the frequencies and polarizations of spectrum lines 


since our limited knowledge of A prevents us from finding 
the appropriate selection rules. 


(6) 


R. CaDE 
University College of the West Indies, 
Jamaica, B. W. I. 


1P, A. M. Dirac, Quantum mechanics (Oxford University Press, New 
York, 1947), p. 165. 


A Device for Showing Vectors in Space 


N the first course in analytical mechanics students 

invariably experience difficulty in visualizing vectors 
in space. Even a skillful drawing in colored chalk often 
fails to show the student who is lacking in spatial per- 
ception how a vector lies, say, in the seventh octant. To 
assist the instruction of vectors in three dimensions the 
writer has built himself a ‘toy’? which has shown itself 
to be highly effective. 

A cubical wooden block about 3 inches on an edge is 
drilled with small holes as follows: (1) Holes through the 
centers of the plane faces; (2) holes through the midpoints 
of the edges; (3) holes through the corners. All these holes 
are drilled so as to pass through the geometric center of 
the block. 

In drilling extreme care must be exercised to insure that 
the holes pass through the center of the block. In this 
connection, the writer found the job a troublesome one 
for shop students, since the diagonal of a cube does not 
make 45° with the diagonal of a face drawn from the same 
vertex, 
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The face holes are now fitted with coordinate axes— 
long sticks appropriately painted, and the other holes are 
fitted with shorter ‘‘vectors,” pointed and painted. A 
larger rigid negative y axis provides the upright support, 
the lower end of which may be imbedded in a heavy base. 
With all the vectors in place the figure is attractive and 
instructional. The octants are immediately demonstrable 
and the spatial configuration is much clearer to the student. 


JuLius SUMNER MILLER 
Dillard University 


New Orleans, Louisiana 


Concerning Historical References in 
General Physics 


N examination of the general physics texts published 

over the years shows some authors given to historical 
references and elaborations thereon, and others who, to 
put it in the vernacular, stick strictly to business. Some, 
indeed, indicate in their prefaces that they have done a 
bit with the history of the subject; others definitively state 
that they will have none of it. I believe that a goodly 
amount of historical material, source literature, and col- 
lateral reading should be put into a first course in physics, 
whether it be a terminal course for arts students or a tech- 
nical course for physicists and engineers. Some of the 
historical and humanistic background of the subject some- 
times gets into courses for nonscience majors but those 
who will teach and work in the sciences know pitifully 
little about its history and the men who made it. It is 
claimed, of course, that historical material and humanistic 
references make a course “‘easier,’”’ but these things can be 
kept on the same intellectual plane as the purely analytical 
material. Truth to tell, the subject needs a little leaven 
now and then, even for the technical man, and historical 
references help supply it. Furthermore, the subject of 
physics might well be presented as the contributions and 
achievements of men, which is what it is, indeed. And this 
approach is inspiring if properly presented. Above all, the 
discussion of historical periods and personalities gives the 
student a larger over-all point of view, which, most teachers 
must admit, few physics students ever acquire in their 
student days. I have had excellent students (in subject- 
matter proper) who could hardly name a man or event in 
the decade 1895 to 1905, and these ten years are monu- 
mental. Physics students ought to come away from a 
course knowing something about J. J. Thomson, Becquerel, 
Roentgen, Planck. They ought, too, to know something 
about Bohr and Pauli and Fermi and Dirac. But a recita- 
tion of names only is not what I mean. I have had contact 
recently with a number of good graduate students in 
physics, few of whom knew anything of the history of their 
subject. Many could not place Maxwell in his appropriate 
place in the development of physical thought, to take an 
example at random. 

The argument against historical material and source 
literature and quotations is simple enough to state. There 
is no time, the teachers say. But I dare suggest that a 
measure of values is here involved, and this position is, I 
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believe, quite unassailable. Students should at least know 
some men by their contributions and some contributions 
by the men who formulated them. That is, students should 
be able to associate men and ideas and place them with 
reasonable accuracy in their proper historical place. 
Toward this end I pursue a few elementary schemes in 
my general physics course which pays off large dividends. 
Whenever a name or fact arises which deserves historical 
comment, I make it. I give references and quotations and 
original sources. The student keeps a notebook of names 
and ideas, and he is urged to read further in some appro- 
priate source. In some instances biographies are suggested 
and students have reported to me that they were thor- 
oughly inspired by these adventures. Physics takes on a 
more humanistic temper, and even the ‘‘technical’’ people 
enjoy it more. I show portraits and pictures of famous 
physicists and mathematicians and give brief biographical 
accounts. An elegant array of portraits is available from 
Scripta Mathematica with biographical accounts by 
Henry Crew. Cenco News Chats covers bear beautiful 
plates and brief biographical sketches. In fact, I have 
mounted a goodly number of these on masonite boards, 
shellacked them over with clear shellac, and ornamented 
my classroom and laboratory walls. The attention they re- 
ceived is surprising. 

There is much indeed to be said for the historical and 


the humanistic in a first physics course, and we need to 
inject more of it. 

JuLius SUMNER MILLER 
Dillard University 

New Orleans, Louisiana 





Impact Problems 


FTEN the author of an elementary physics textbook 
must introduce one or more simplifying assumptions 
in order that the student can solve a particular problem. 
Jsually the simplifying assumptions have little effect on 
the physical reasonableness of the numerical result. Some- 
times, however, this is not the case and the student gains 
a distorted impression of the real physical situation. He 
may retain this impression long after he has completed 
the course. Recently I came across what may be an ex- 
ample of such an occurrence and believe it worth calling 
to the attention of authors of physics textbooks. 

A common belief is that a high velocity particle com- 
pletely vaporizes on impact. For a number of years I have 
been studying phenomena associated with the impacts of 
high velocity missiles and find that what actually occurs 
is that most of the energy of the missile is transferred to 
the target rather than absorbed by the missile itself. Even 
for impacting velocities of 20,000 ft/sec the missile will 


prove me wrong.—A. EINSTEIN (?) 
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No amount of experimentation can ever prove me right; a single experiment may at any time 


often remain intact with little evidence of melting al- 
though, had an appreciable part of the kinetic energy of the 
missile been absorbed by it, the missile would certainly 
have melted and perhaps vaporized. 

From whence, then, has the impression arisen that such 
a missile will vaporize? In attempting to track down the 
origin of this belief, I have examined a number of ele- 
mentary physics textbooks and feel that it may be trace- 
able to college physics courses. At any rate, the bullet- 
impact problems given in most texts are not good repre- 
sentations of ‘real physical situations. For example, Duff! 
gives the following problem: 


A lead bullet of 50 g mass is fired into a target 
with a velocity of 50 meters/sec. If the heat produced 
goes into the bullet, how much is its temperature 
raised? 


Sears? and Taylor® give similar problems. On the other 
hand Stewart‘ assumes that one-third of the energy and 
Foley’ and Black® assume that one-half of the energy goes 
into heating the ball. Some authors, Eldridge? and 
Michener,® avoid the problem. Perkins® gives a very am- 
biguous problem: 


A bullet weighing 6 oz and moving with a speed of 
1800 ft/sec strikes a target which stops it completely. 
How much heat is developed? 


At least one author, Saunders,’ substitutes an excellent 
problem: 


A “shooting star’’ is a fragment of rock or ore, travel- 
ing at a speed greater than that of any bullet, perhaps 
40 km/sec. How does its kinetic energy compare in 
amount with the heat energy that can be obtained by 
burning an equal weight of coal? 


Each of the above problems is a good one from the 
standpoint of fixing the concept of mechanical equivalence 
of heat. Should we do this, however, at the expense of 
giving the student false notions regarding the physical 
behavior of materials under impact? 

JouN S. RINEHART 


Naval Ordnance Test Station 
China Lake, California 


1 Duff, Physics for students of science and engineering (Blakiston, ed. 
8, 1937), problem 24, p. 690. 

2Sears, Principles of physics I (Addison-Wesley Press, 1947), prob- 
em 7, p. 374. 

*Taylor, Physics, the pioneer science (Houghton Mifflin, 1941), 
problem 7, p. 303. 

“Stewart, Physics (Ginn and Co., 1931), problem 12, p. 263. 

5 Foley, College physics (Blakiston, ed. 2, 1937), problems 1-6, p. 323. 

® Black, An introductory course in college physics (Macmillan, rev. 
ed., 1941), problems 9 and 10, p. 312. 
1 Eldridge, College physics (Wiley, 1940). J " ’ 
“a Michener, Physics for students of science and engineering (Wiley, 
1 


47). 
— College physics (Prentice-Hall, ed. 3, 1948), problem 2, 
1 


“10 Saunders, A survey of physics (Henry Holt, rev. ed., 1936), problem 
1, p. 242. 
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Book Reviews 


Scientific Autobiography and Other Papers. Max PLANCK. 
Pp. 187. Philosophical Library, New York, 1949. 
Price $3.75. 


These are the last writings of Max Planck and as such 
would naturally command the interest of a wide circle of 
readers. Though the book is small (not much over thirty- 
five thousand words) it ranges over some of the most 
fundamental problems of science and philosophy to that 
of religion. In spite of the drab title it is the warm and 
human document of a man who has done and seen much, 
and who has had time in his last years (he reached nearly 
ninety) to look back and try to think things through. The 
professional philosopher may be disconcerted at times by 
contradictions in viewpoint, but Planck has labored to 
make sense out of a world in which contradictions were 
already present and even in his last years he has made 
progress. 

In the “‘life’’ (thirty-one pages) Planck tells of his de- 
cision to devote himself to theoretical physics when the 
latter was only beginning to be thought of as a separate 
field. He recalls his student days, his teachers, and his 
early struggles for recognition. Following in the footsteps 
of Clausius he clarified the Second Law of Thermodynamics 
and embodied it in his doctoral dissertation at Munich in 
1879. But he never forgot his chagrin when Kirchhoff dis- 
agreed with him, when Helmholtz (as he believed) did not 
even bother to read his paper and when Clausius himself, 
for some odd reason, failed even to answer his letters. 
However, recognition could not always be withheld, and 
in 1889, after the death of Helmholtz, Planck left his 
associate professorship in Kiel to take the chair at Berlin 
occupied by his former teacher. 

One is impressed that Planck was moving steadily for- 
ward in spite of difficulties and lack of recognition until 
at last he reached the quantum theory. Even then he was 
reluctant to give up classical physics. Only after years of 
futile attempts at reconciliation did he admit the need for 
“totally new methods of analysis,’’ and this same reluctance 
colors his philosophy. 

In the second chapter Planck discusses phantom problems 
with which we are more familiar under the name “mean- 
ingless problems.’’ As Planck points out, such problems 
are more common than is usually suspected, but in many 
cases the meaninglessness is not absolute but dependent. 
Herein lies one of the limitations of a radical positivism or 
operationalism, but Planck has come gradually to see much 
of value in these more modern viewpoints without becom- 
ing a wholehearted disciple. To ask whether an electron is 
a wave or a particle without defining the conditions of 
reference is to state a phantom problem and Planck carries 
this general idea to the difference between body and mind, 
and to the problem of causality versus indeterminism, and 
even to ethics. He disposes of the body-mind problem by 
concluding that ‘‘They are the self-same processes, only 


viewed from two diametrically opposite directions.” This 
disposal of mind as a separate entity is not out of harmony 
with the recent views of certain radical positivists, though 
arrived at by a different path. 

In the next two chapters Planck discusses the meaning 
and limits of exact science and the meaning of reality, and 
the dilemma of causality versus indeterminism. Like the 
earlier positivists Mach and Pearson, he recognizes the 
basis of science in sense experience, but where they would 
stop he goes on to assert the existence of an absolute reality. 

Of the horns of the dilemma he takes the view that not 
only is causality not ruled out, but it is ‘‘as strictly valid”’ 
in quantum mechanics as in classical physics. However, 
the question still remains—how true is it? Returning now to 
a more positivist viewpoint he concludes that ‘‘causality is 
neither true nor false’’ but that it is a guidepost to help us 
in blazing new trails. 

In his final chapter Planck finds no conflict between sci- 
ence and religion. Even positivism, he asserts, must have 
faith in something if only in the repeatability of physical 
measurements. But here he rejects positivism as barren 
and asserts his faith in an ultimate reality, in a rational 
order which we can more and more nearly come to know, 
and in God. Perhaps some of this reflects those bitter suffer- 
ings of his last years, in which he expressed the faith that 
permanent happiness comes more than anything else from 
“integrity of soul, which manifests itself in a conscientious 
performance of one’s duty.’’ The volume is prefaced by the 
memorial address delivered by Planck’s former pupil, Max 
von Laue, in Géttingen, October, 1947. 

Rocers D. Rusk 
Mount Holyoke College 


Electrical Resistance Strain Gauges. W. B. DoBIE AND 
P. C. G. Isaac. Pp. 114+-xiv. English Universities 
Press, Ltd., London (Macmillan, New York), 1948. 
Price $3.50. 


This little book is an excellent survey of the theory and 
applications of the electric resistance strain gauge. Oddly 
enough it is an English book on a recent American 
“gadget,” based on a fundamental English discovery, and 
as stated in the preface, the book does have a distinctly 
“American flavour in places.” 

The book introduces the subject historically with the 
work of Lord Kelvin on the change in electrical resistance 
of metal wires with strain. The later quantitative work on 
strain-resistance relationships of various wires is introduced 
and summarized. This is a convenient reference of the 
properties of the various types of strain gauges not found 
elsewhere in handbooks, etc. The book continues with 
descriptions of the fabrication of the grid-type gauges, 
and a detailed treatment of the methods and materials 
used in bonding the grids to the subject under test. There 
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is a chapter on the determination of static strains and one 
on dynamic strains with rather detailed descriptions of 
available commercial amplifiers, indicators, and recorders. 

Nearly half of the book is given over to a rather ele- 
mentary treatment of stress analysis and electronics as a 
necessary adjunct to the successful use of the strain gauges. 
Twenty-three pages are devoted to a review of strength 
of materials, determination of principal stresses, Mohr 
circles, etc., while thirty-four pages are devoted largely to 
cathode-ray oscillographs, electronics, fundamental bridge 
circuits, etc. It is obvious that the success of a gauge de- 
pends upon the accuracy with which the change in re- 
sistance can be measured, so that some discussion of 
special bridges is desirable. However, this reviewer was 
disappointed to find so much of the book devoted to such 
well-known phenomena as the rectifier and oscillating 
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circuits and a deficiency in actual working circuits (not 
schematics) for experimenters and users of strain gauges. 
The chapter on applications is interesting and could well 

have been extended. The authors point out that the last 
chapter on brittle lacquers has nothing to do with strain 
gauges, but was closely related to the general problem of 
stress analysis. Except for the fact that photoelastic 
methods are omitted, the authors could have more aptly en- 
titled the book ‘‘Elementary Stress Analysis’ and included 
some of the more recent work on stress concentrations, 
residual stresses, etc. However, the book is a contribution 
to the whole subject and is most of all a handy source of 
references and information about resistance strain gauges 
not found together elsewhere. 

GRANT O. GALE 

Grinnell College 


New Members of the Association 


The following persons have been made members or junior members (J) of the American Association of Physics 
Teachers since the publication of the preceding list [Am. J. Physics 17, 558 (1949)]. 


Abramson, Adolf Avraham (J), 630 W. 135th St., New 
York 31, N. Y. 

Ananikian, Vahan, 231 Sigourney St., Hartford, Conn. 

Barricklow, Charles H. Jr. (J), 523 E. Highland Ave., 
Ravenna, Ohio. 

Beckman, Norman John (J), 20 Southworth St., Williams- 
town, Mass. 

Benedict, Robert Neil (J), 29 Darlington Rd., Delaware, 
Ohio. 

Biersdorf, William Richard (J), 806 Colorado St., Pullman, 
Wash. 

Birkhoff, Robert D., University of Tennessee, Knoxville, 
Tenn. 

Bolgiano, Louis Paul Jr., Apt. A, 5600 Abner Ave., Balti- 
more 12, Md. 

Brown, Edmond Joseph, 2710 Kittrell Dr., Raleigh, N. C. 

Burden, Henry S. Jr. (J), P.O. Box 616, Summerville, S. C. 

Burke, Edward Walter Jr., King College, Bristol, Tenn. 

Campos, Alberto Manuel Jr., 31 Twelfth St., La Loma, 
Quezon City, Philippine Islands. 

Davis, Charlton Edward (J), Williams College, Williams- 
town, Mass. 

Denny, Paul, East Central State College, Ada, Okla. 

Dobriansky, Bohdan John (J), 325 East 16th St., New 
York 3, N. Y. 

Doran, Ray Lewis, University of Utah, Salt Lake City, 
Utah. 

Estes, Omar C., Henderson State Teachers College, Arka- 
delphia, Ark. 

Gaeddert, Willard, 3926 Baldwin Ave., Lincoln, Neb. 

Gallup, Kenneth W. (J), 2659-C Trinity Dr., Los Alamos, 
N. M. 

Godwin, John Cochran, 56 College Ave., Buckhannon, 
W. Va. 

Greene, Lawrence C., 116 E. Hammond St., Otsego, Mich. 

Gregory, Richard Leland (J), Box 301, Attica, Kan. 

Guilford, Edward C., 321 W. First St., Chico, Calif. 

Hamilton, Robert J., 559 Tenth Ave., New Brighton, Pa. 


Hotopp, Alfred H., 45 Hillside Ave., Caldwell, N. J. 

Hudson, Alvin M. (J), Stanford University, Stanford 
University, Calif. 

Hultquist, Paul Frederick, 2403 Arapahoe St., Boulder, 
Colo. 

Kennedy, Margaret M., 2280 Andrews Ave., New York 53, 


N. Y. 

Lillestrand, Robert L. (J), Pioneer Hall, University of 
Minnesota, Minneapolis, Minn. 

McLeod, Norman J. (J), Route 1, Walla Walla, Wash. 

Martin, Gruver Howard (J), University of North Carolina, 
Chapel Hill, N. C. 

Mohr, Eugene Irving, Box 34, Collegedale, Tenn. 

Mouw, Ralph J., 206 S. Williams St., Orange City, Iowa. 

Niedner, Jack Bernard (J), 7464 York Dr., Clayton 5, Mo. 

Numbers, Richard Scott (J), 775 B. Quartz St., Los 
Alamos, N. M. 

Olson, Keith W. (J), 3104 Lincoln Way, Ames, Iowa. 

Page, Allen Donald, 146 N. Sleight St., Naperville, Ill. 

Riggins, Ira Dale, Washington State College, Pullman, 
Wash. 

Schweighardt, Robert John (J), 8425 Belford Ave., Los 
Angeles 45, Calif. 

Squires, Burton Elliott, Jr., 114 South Atherton St., 
State College, Pa. 

Vedder, James F. (J), Room 468, International House, 
Berkeley 4, Calif. 

Wajda, Edward Stanley, 633 Lansing St., Schenectady 3, 
Ps ee 

Walker, John Baldwin, Seminary St., New Canaan, Conn. 

Webster, Williams Kendrick (J), Annex Hall, University 
of Illinois, Urbana, II. 

Weeks, Walter L., Michigan State College, East Lansing, 
Mich. 

Woessner, Russell Howard (J), Box 56, Fitch Rd., 
Clinton, Mass. 

Wolf, Bryant Edward (J), Washington University, St. 
Louis 5, Mo. 





